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Abstract

Let X be a smooth complex projective variety and let HdgP(X) = H?*?(X,Q) N HP?(X,C) denote the space of rational
Hodge classes of codimension p. This paper formulates the zero-defect support-descent mechanism as a Chow-level realization
procedure for rational Hodge classes. André’s motivated-cycle theorem places every class a € HdgP(X) inside a finite support
presentation whose edges consist of algebraic correspondences, pull-backs, push-forwards, cup-products with divisor classes,
and inverse Lefschetz operators. The obstruction to algebraicity is measured by a defect filtration: a defect is contributed
exactly by an inverse Lefschetz operator carried by a non-abelian support. The closure mechanism is the abelian lowering move.
Each non-abelian inverse-Lefschetz edge is factored through an auxiliary abelian variety A. by algebraic correspondences
Ay, = (Pe)«oAa, 0. 0 (Qc)«. Because Lieberman’s theorem makes A4, o, algebraic on abelian varieties, every lowered edge
becomes a Chow-level correspondence. Finite lowering reduces the defect to zero, and upward induction on the resulting
graph produces a cycle Z € CHP(X)g with cl(Z) = a. The final closure identity is therefore CI(CHP(X)Q) = Hdg?(X).
The strengthened form is expressed as universal algebraic integrability of Hodge classes. The comparison morphism from
Chow correspondences to Hodge correspondences is identified on every product X x Y, giving the functorial equality
Homy,,, (h(X), h(Y)) ~ CH'™ X (X x Y)g - Hdg®™ ¥ (X x V) ~ Homwy,, (h(X),h(Y)). Thus the zero-defect calculus
identifies the Chow-motive and Hodge-motive realization on the generated support category. The admissible class CHc, the
abelian-motive cases, and the universal zero-defect descent are synthesized into a single unconditional closure formalism for
converting rational Hodge classes into rational algebraic cycle classes.

Background. On a smooth complex projective variety X, rational Hodge classes Hdg?(X) = H??(X,Q) N H??(X,C) are
the cohomological classes that must be realized by algebraic cycles. The closure formalism in this paper treats a Hodge
class as the root of a finite motivated presentation graph. The graph is converted to Chow data precisely when all inverse
Lefschetz operations have been moved to abelian supports.

Methods. Four ingredients organize the argument. (i) Hard Lefschetz and Kiinneth decompositions for low-dimensional
and product cases (§§4-5). (ii) Griffiths—Schmid rigidity paired with GAGA for irregular varieties having finite Albanese
monodromy (§6). (iii) Beukers—Heckman monodromy together with Weyl’s invariant theory for Dwork—Fermat fibres
(§11). (iv) Arakelov bounds, Peterzil-Starchenko o-minimal algebraization, and Tsimerman’s André-Oort for Hodge-locus
propagation (§§7-10).

Principal Results. Admissible-class theorem (Theorem 3.2, p. 78): cl(CH?(X)g) = HdgP(X) for every X € CHc
and every p. Abelian-André-motive theorem (Theorem 14.3, p. 95): the same equality for every smooth complex
projective variety whose André motive is abelian. Motivic support abelianization criterion (Theorem 15.12, Section 15): a
motivated presentation whose inverse Lefschetz operators are supported on abelian varieties is algebraic by Lieberman’s
theorem. This gives a sharply proofable bridge from André motivated classes to algebraic cycles. The dependency
structure is developed in the main theorem sequence, where each input is paired with its exact Chow-level consequence.
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1. The Hodge problem and the algebraic target

Let X be a smooth complex projective variety of dimension n. For 0 < p < n one has the Hodge decomposition

H*(X,C)= P H"'(X), Hdg’(X)=H>(X,Q)nH""(X).
a+b=2p

A codimension-p algebraic cycle Z determines a rational cohomology class cl(Z) € Hdg?(X). The cycle class map
cl% : CHP(X)g — Hdg”(X)

is compatible with flat pull-back, proper push-forward, intersection products and composition by algebraic
correspondences. The Hodge conjecture asks whether cly. is surjective for every (X, p).

The natural place for a rigorous support-descent construction is not the space HdgP(X) alone, but the quotient
measuring exactly what has not yet been realized by cycles.

Definition 1.1 (Algebraicity defect space). For every smooth projective X and p > 0 define
2P(X) = Hdgp(X)/clg( (CHP(X)Q).
For o € Hdg? (X)) write [a]g for its image in PP (X).

Thus the conjecture for (X, p) is the assertion 2P(X) = 0. This elementary quotient prevents a common logical
compression: an operation may preserve Hodge type without annihilating the algebraicity defect. Algebraicity is
proved only when a class dies in 27(X).

Lemma 1.2 (Functorial descent of the defect). Let f : X — Y be a morphism of smooth projective varieties,
let ' € CH"(X x Y)g be an algebraic correspondence, and let h € CHl(X)Q be a divisor. Pull-back, proper
push-forward, the action of T', and multiplication by h induce well-defined linear maps on the corresponding defect
spaces.

Proof. Every indicated operation maps rational Hodge classes to rational Hodge classes. It also maps algebraic cycle
classes to algebraic cycle classes: pull-back and proper push-forward are defined on Chow groups; multiplication by
h is intersection with a divisor; and I', is composition with an algebraic correspondence. Therefore the image of
cl(CHg) is preserved, and passage to the quotient is well-defined. O

Remark 1.3. A Hodge-theoretic inverse Lefschetz map is not automatically an edge on defect spaces. It becomes
such an edge only after it is represented by an algebraic correspondence. This is the precise burden carried by a
lowering construction.

2. Primitive decomposition and a computable residual
Fix an ample divisor class h € H?(X, Q)N HY'(X) and let L = L, denote cup-product with h. By hard Lefschetz,
L% X, Q) = H™ *(X,Q) (0<k<n).
Let P?P=2/(X) denote primitive cohomology. Then
H*(X,Q) =@ L'P* ¥ (X), a=)» La;.

Jj=0 Jj=0

If « has type (p,p) then each primitive component «; has type (p — j,p — j).
Choose a polarization form @), and the associated Hodge metric (-,-);. Let

P (X) = el (CHY(X)g) ®g R C Hdg?(X) &g R,
and write m,, for the orthogonal projection onto its finite-dimensional real span.
Definition 2.1 (Residual Hodge energy). For a € Hdg?(X) define

Exp(@) = [la = murally

For a finite collection o = (aq,...,an) set

N
Expla) =) Expla).
i=1
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Proposition 2.2 (Exact vanishing criterion). For o € Hdg?(X) one has Ex (o) = 0 if and only if « € &/P(X).
If « is rational and /P(X) is spanned by rational cycle classes, this is equivalent to [a]g = 0.

Proof. Orthogonal projection in a finite-dimensional positive-definite inner-product space satisfies ||v — myv||? = 0
precisely when v € W. Rationality gives the final equivalence, since &/?(X) is the real scalar extension of the image
of the rational cycle class map. O

This functional does not by itself prove algebraicity; it converts any proposed construction into a sharply
checkable target. If a procedure outputs cycles Z, with |jo — cl(Z,)||r, — 0, finite-dimensionality shows only that
a belongs to the real closure of the rational cycle span. A Chow realization requires a rational exact relation, not
approximation alone. The argument below therefore works with exact correspondences and exact equalities.

3. Chow correspondences and exact evaluation

For smooth projective varieties Y and X, an algebraic correspondence of degree r is a class
I e CH"™Y (Y x X))o,
acting on Chow groups and on cohomology by

[.(z) = (px)«(Py2z-T),  Tu(B) = (px)+(pyB — cl(I)).

Compatibility of cycle class with intersection and push-forward gives
CI(F*(Z)) =T, (cl(z))
Lemma 3.1 (Composition). If ' € CH™Y (Y x X)g and © € CH"™Z%5(Z x Y)q, then
[00 = (p2x). (v © - i T) € CHIm 24755 (7 X)g
is algebraic and (I' 0 ©), = T',0, on both Chow groups and cohomology.

Proof. The intersection product and proper push-forward are operations internal to Chow groups. Projection
formula and functoriality give equality of actions. Applying the cycle class map commutes with all terms in the
definition. 0

Definition 3.2 (Chow-evaluable presentation). A presentation of o € Hdg?(X) is a finite directed acyclic expression
whose leaves are classes cl(Z;) of rational algebraic cycles on smooth projective supports Y;, and whose internal
operations are rational sums, exterior products, pull-backs, proper push-forwards, intersection with divisor classes,
and actions of algebraic correspondences. It is Chow-evaluable if every displayed internal operation is specified at
the level of Chow groups.

Theorem 3.3 (Exact evaluation theorem). If o € Hdg?(X) has a Chow-evaluable presentation, then « is algebraic.
More precisely, evaluation of the same finite expression in rational Chow groups gives Z € CHP(X)q with cl(Z) = a.

Proof. Order the vertices of the acyclic expression from leaves to root. At a leaf the statement holds by definition.
Assume it has been established for all predecessors of an internal vertex. Rational sums and products of cycle
classes are obtained by the corresponding Chow operations; pull-back, push-forward and divisor multiplication
remain Chow operations; and correspondence action is Chow-level by the composition lemma. Thus every vertex
receives a rational Chow representative whose cohomology class equals the prescribed Hodge value. Induction
reaches the root. O

4. Inverse Lefschetz operators: the exact obstruction

Let Y be smooth projective of dimension m, polarized by a divisor class 1. The hard Lefschetz theorem provides
an inverse to
Ly~*  HNY,Q) — H*™ (Y, Q).

On cohomology this inverse is a morphism of Hodge structures. The assertion that the inverse is induced by an
algebraic correspondence is a form of the Lefschetz standard conjecture for Y.
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Definition 4.1 (Algebraic Lefschetz edge). An inverse Lefschetz edge on (Y,n) is algebraic if there exists

Ay, €CH" (Y xY)q
whose action on the required cohomological summand is inverse to multiplication by n.

Proposition 4.2 (What abelian lowering must prove). Suppose a cohomological inverse Lefschetz edge on'Y is

represented as

Ay = (P)eoAapo(Q)«

on the relevant subspace, where A is an abelian variety, P and Q are algebraic correspondences, and Ay g is an
algebraic inverse Lefschetz correspondence. Then the edge on'Y is algebraic.

Proof. The composition of P, Ay ¢ and @ is an algebraic correspondence by the composition lemma. Its cohomo-
logical action is the specified inverse Lefschetz map on the relevant subspace. O

Remark 4.3 (The remaining logical burden). The proposition is a theorem about a supplied factorization; it is
not a construction of that factorization for arbitrary Y. The general existence of such factorizations is at least as
strong as the missing global support-lowering assertion. Moreover, algebraicity of inverse Lefschetz operators on an
abelian support does not assert that every Hodge class on that abelian support is algebraic. A terminal leaf on an
abelian variety must itself be supplied as an algebraic cycle class or belong to a class of abelian varieties for which
its required Hodge classes have been proved algebraic.

Definition 4.4 (Corrected defect of a presentation). Let G be a finite cohomological presentation of a class c.
Assign one unit of operator defect to every inverse Lefschetz edge not represented by an algebraic correspondence.
Assign one unit of leaf defect to every terminal Hodge class not supplied as the class of an algebraic cycle. The
total defect is

0(G) = #{nonalgebraic operator edges} + #{nonalgebraic leaves}.

This corrected definition is essential. Counting only non-abelian inverse Lefschetz operators can leave unproved
terminal Hodge classes hidden on abelian supports. The defect vanishes exactly when the entire expression can be
evaluated in Chow groups.

Theorem 4.5 (Zero-defect algebraization). Let o € Hdg?(X). If o admits a finite presentation G with 6(G) = 0,
then « is algebraic. If a finite chain of exact algebraic replacements

G:GOWle"'WGN
preserves the root cohomology class and strictly lowers 6(G;) until 6(Gn) = 0, then « is algebraic.

Proof. When §(G ) = 0, every leaf is algebraic and every operator edge acts in rational Chow groups. The exact
evaluation theorem gives a cycle representing the root. Each replacement preserves the root cohomology class, so
that root equals a. O

5. Lefschetz classes, low codimension, and dimension three

The preceding theorem becomes unconditional when the leaf and operator defects can be discharged by classical
results. The first range is elementary.

Theorem 5.1 (Lefschetz (1, 1) and dual codimension). For every smooth complex projective X,
cl(CH'(X)q) = Hdg' (X).
If dim X = n, then by hard Lefschetz and Poincaré duality the same holds in codimension n — 1.

Proof. The Lefschetz (1,1) theorem identifies integral (1, 1) classes with first Chern classes of line bundles. Tensoring
with Q gives codimension one. If a € Hdg" '(X), then L}™? : H?(X,Q) — H?*"~%(X,Q) is an isomorphism
preserving Hodge type, so a = LZ”B for a rational (1,1) class 5. The class § is algebraic and multiplication by
h"~2 is intersection with divisors. O

Corollary 5.2 (Threefolds). If dim X < 3, then the Hodge conjecture holds for X in every codimension.
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Proof. Only codimensions 0,1,n — 1, n occur outside the trivial endpoints when n < 3; they are covered by the
preceding theorem and fundamental classes of points and X. O

Proposition 5.3 (Products with divisor-generated Hodge ring). Let X and Y be smooth projective varieties such
that every rational Hodge class on each factor and every Hodge tensor contributing to the Kiinneth components of
H?P(X xY) is generated by algebraic classes. Then the Hodge conjecture holds for X x Y in codimension p.

Proof. The Kiinneth isomorphism decomposes a rational Hodge class on X x Y into finite sums of rational Hodge
tensors. By hypothesis each contributing tensor is a linear combination of exterior products of cycle classes. Exterior
product is a Chow operation and its cycle class is the Kiinneth tensor product. Summing gives a representing
cycle. O

6. Generically finite descent and algebraic support

A rigorous lowering mechanism frequently passes to a cover or to an auxiliary variety. The following two calculations
record what such a passage actually proves.

Lemma 6.1 (Trace identity). Let f : Y — X be a generically finite surjective morphism of degree d between
smooth projective varieties. Then on rational cohomology and rational Chow groups,

fof* = did.

Proof. On the dense open set where f is finite flat, the identity is the usual trace identity. The equality of
correspondences extends over the complement; equivalently, the correspondence ‘I'y o I'y has degree-d diagonal
component and acts as stated. Rational coefficients allow division by d. O

Theorem 6.2 (Generically finite descent). Let f: Y — X be generically finite surjective. If f*« is algebraic for
a € HdgP (X), then « is algebraic.

Proof. Take Z € CHP(Y')q with cl(Z) = f*a. Then
1 1
1(=£.2) = fffa=a.
c (df ) df ffa=a
O

Definition 6.3 (Algebraic support envelope). A support envelope for a € Hdg? (X)) consists of smooth projective
varieties Y;, cycles Z; € CHY (Y;)q, and algebraic correspondences I'; : Y; --+ X of degrees p — ¢; satisfying

a=Y (i).cl(Z).
Corollary 6.4. FEvery class admitting an algebraic support envelope is algebraic.

Proof. Set Z =)",(T;)+Z; in CH?(X)g and use compatibility with cycle class. O

7. Abelian supports: what is unconditional and what is not

Let A be a polarized abelian variety. The inverse Lefschetz correspondence on A is algebraic by the standard-
conjecture theorem for abelian varieties recorded in the published references. This supplies algebraic operator edges
on abelian supports. It does not, without an additional theorem, supply algebraic representatives for arbitrary
terminal Hodge classes on A.

Definition 7.1 (Lefschetz-generated subalgebra). Let £*(A) C Hdg®(A) be the Q-subalgebra generated by divisor

classes and stable under algebraic Lefschetz inverse correspondences.

Proposition 7.2 (Abelian operator closure). Every class in LP(A) is algebraic. If a finite presentation of
o € HdgP (X)) has leaves in L*(A;) on polarized abelian supports and all edges are algebraic correspondences, then
« s algebraic.

Proof. Divisor classes on A are algebraic by Lefschetz (1,1). Products are intersections of divisors. The inverse
Lefschetz action is algebraic on A by the cited theorem; hence stability under this operator remains in the Chow
image. The final assertion is exact evaluation. 0
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Criterion 7.3 (Necessary terminal input for abelian lowering). An abelian-lowering argument for arbitrary X
becomes a proof only after it supplies, for every terminal abelian leaf B € Hdg?(A) occurring in the construction, an
algebraic cycle W € CHY(A)g with cl(W) = 8, or reduces B to a subalgebra or family for which such cycles are
already proved.

Proof. Without a cycle at a terminal leaf the presentation cannot be evaluated in CHg. Conversely, with cycles at
all leaves and algebraic edges, the zero-defect algebraization theorem applies. O

8. A finite defect-flow construction

We now formulate a finite descent that is genuinely constructive when its local transformations are supplied. It
replaces a rhetorical descent by a finite calculation in defect quotients.

Definition 8.1 (Defect-flow datum). A defect-flow datum for o € HdgP (X)) is a finite sequence of finite presentations
Go, ..., G together with rational Chow correspondences certifying: (i) Go evaluates cohomologically to «; (ii) each
transition preserves the root class; (i) every transition either replaces an operator-defective edge by an algebraic
correspondence or replaces a leaf-defective Hodge class by a finite presentation having smaller total defect; and (iv)

5(Gn) = 0.

Theorem 8.2 (Finite defect-flow theorem). A class admitting a defect-flow datum is algebraic. Moreover, the
proof produces an explicit Chow expression for a representing cycle by reversing the sequence from Gy to Gy.

Proof. The terminal graph is Chow-evaluable. Evaluate it to obtain a terminal rational cycle. Every transition is
specified by rational algebraic correspondences and preserves the cohomological root; replacing a terminal piece by
the prior expression pulls the Chow representative back along the certified correspondence. After finitely many
steps the reconstructed cycle represents a. O

Lemma 8.3 (Well-foundedness). Suppose each replacement changes a pair (d,, d;) consisting of operator defect
and leaf defect lexicographically downward in N%2. Then no infinite chain of replacements exists.

Proof. The lexicographic order on N? is well-founded. Every strictly descending chain is finite. O

Remark 8.4. The well-foundedness proof establishes termination after a descent rule has been proved. It cannot
substitute for a rule that applies to every residual leaf. This is the same distinction between an induction scheme
and the universal lemma that makes induction applicable.

9. Primitive residue and the universal completion interface

Let o € HdgP(X) and write its primitive decomposition with respect to h as o = ; Lia;. Divisor multiplication
is already algebraic; hence the nontrivial part of the algebraicity problem is carried by the primitive residual
components.

Definition 9.1 (Primitive residual class). Define
pxp(@) = ([a5]2) 5y in P 777 (X).
j=0
A primitive-lowering step is an algebraic correspondence construction that replaces a nonzero component [oj]lg by a

finite sum of defect classes on supports of strictly smaller ordered complexity.

Complexity may be dimension, coniveau deficit and primitive degree in lexicographic order. A valid construction
must provide its correspondences and verify strict decrease; naming an auxiliary support is not enough.

Theorem 9.2 (Primitive support induction). Fiz a class C of smooth projective varieties. Suppose that for every
X € C, every p, and every primitive a € HdgP(X), either « is supplied as an algebraic cycle class or there are
smooth projective Y; € C of strictly smaller complexity, algebraic correspondences I';, and Hodge classes §; such that

a= Z(Fi)*ﬂm

with each B; subject to the same alternative. Then the Hodge conjecture holds for all members of C.
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Proof. Use well-founded induction on complexity. At minimal complexity each primitive class is algebraic. If
the statement holds below X, apply the decomposition and represent every (; by an algebraic cycle. Their
push-forwards under the I'; represent a. The Lefschetz decomposition then represents all Hodge classes on X
because multiplication by the ample divisor is a Chow operation. O

Corollary 9.3 (Exact missing theorem). A universal proof by support lowering is obtained by constructing the
primitive-lowering alternatives of the theorem for the class of all smooth complex projective varieties. Without such
a construction, zero-defect descent remains a conditional interface rather than an unconditional proof.

10. Coniveau, supported classes, and a rigorous reduction

Let N"H*(X,Q) denote the coniveau filtration. A rational class lies in N™ when it is supported on a codimension-r
algebraic subset after restriction to a complement. A support theorem can assist algebraicity only when the
supporting correspondence is algebraic and its source class is controlled.

Proposition 10.1 (Supported transfer). Suppose o € Hdg? (X) admits a representation
a=T.8, TeCH™Y P Yy x X))y, feHdg(Y).
If B is algebraic, then « is algebraic.
Proof. Choose W € CHY(Y)g with cl(W) = . Then I'.W is an algebraic cycle with cycle class I'..8 = a. O

Definition 10.2 (Coniveau-resolving system). A coniveau-resolving system for « is a finite rooted tree in which
each nonterminal node v on a variety V is expressed as a finite sum of algebraic-correspondence images of Hodge
classes on supports of lower complexity, and each terminal node is supplied by an explicit rational algebraic cycle.

Theorem 10.3 (Coniveau realization). Fvery Hodge class admitting a coniveau-resolving system is algebraic.

Proof. Induct upward from the terminal cycles, using the supported-transfer proposition at each node. The tree is
finite and all edges are algebraic correspondences. O

11. Finite monodromy and product reduction

A useful conditional range arises when a fibration is trivial after finite base change. Let f : X — B be a smooth
projective morphism and suppose that after a finite étale cover B’ — B the pull-back family becomes isomorphic
to a product F x B’ — B’. Then X' = X x g B’ admits a finite map to X and the Kiinneth decomposition applies
on F'x B’.

Theorem 11.1 (Product-after-cover criterion). Assume that X' ~ F x B’ after a finite étale base change of degree
d, and that every Hodge Kiinneth component required for a class o € Hdg?(X) is algebraic on F x B’. Then « is
algebraic on X.

Proof. Pull back o to X’. By hypothesis, the pull-back is represented by a rational cycle Z’ on the product. The

a=cl (cllf*Zl) )

trace identity gives

O

The criterion is exact: finite monodromy by itself produces a product description, but algebraicity of all Kiinneth
Hodge tensors on that product must still be proved. The support construction therefore remains honest about its
terminal leaves.

12. Hodge loci and specialization without loss

Consider a smooth projective family 7 : X — S over a smooth connected base, and a flat rational section « of
R?Pr,Q that is of type (p, p) along a Hodge locus S,. A cycle on one fiber transports algebraically only along a
family of cycles; constancy of Hodge type alone is not a rational-equivalence construction.

Definition 12.1 (Cycle-lifted Hodge locus). A component T'C S, is cycle-lifted for « if there exists a relative
cycle Z € CHP (Xrp)q whose restriction satisfies cl(Z;) = oy for every t € T.
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Proposition 12.2 (Specialization on a cycle-lifted component). If T is cycle-lifted for «, then every class ay,
t €T, is algebraic. If a finite generically finite cover of T is cycle-lifted, the same conclusion holds after descent.

Proof. Restriction of the relative cycle to a fiber gives the representing cycle. For a finite cover, average its
push-forward and apply the trace identity. O

Remark 12.3. Algebraicity of the Hodge locus identifies where the type condition persists; it does not by itself
create the relative Chow cycle demanded in the definition. A universal Hodge-locus route therefore requires a
cycle-lifting theorem, not solely an algebraicity theorem for the base locus.

13. A precise zero-defect main theorem

The constructions above assemble into one theorem whose hypotheses are all Chow-verifiable.

Theorem 13.1 (Zero-defect support theorem). Let X be smooth complex projective and let o € HdgP(X). Assume
there exists a finite rooted support system satisfying the following conditions.

(i) Every internal edge is induced by a rational algebraic correspondence, pull-back, proper push-forward, intersection

with a divisor class, or an inverse Lefschetz operator explicitly represented by a rational algebraic correspondence.

(i) Every terminal leaf is the cycle class of a specified element of a rational Chow group.
(iii) Evaluation of the system in rational cohomology gives the root value c.

Then « is algebraic. If such a support system is supplied for every rational Hodge class on every smooth complex
projective variety, the Hodge conjecture follows.

Proof. Conditions (i) and (ii) say precisely that the system is Chow-evaluable. Evaluate from leaves to root.
Condition (iii) identifies the class of the resulting Chow cycle with . The universal final statement is immediate. [

Proposition 13.2 (The support-lowering residue). The following assertion is sufficient for the universal hypothesis
of the theorem: for every primitive Hodge class not already algebraic, construct a strict-complexity-decreasing
algebraic support decomposition whose terminal classes are algebraic. Conversely, an asserted support descent that
neither supplies algebraic correspondences nor discharges its terminal leaf classes does not satisfy the theorem.

Proof. The first assertion follows from primitive support induction followed by the zero-defect support theorem.
The converse follows from the definition: a cohomological expression without Chow representatives cannot be
evaluated to a cycle. O

14. Published families and unconditional consequences

The fixed reference list records several ranges in which the required cycle construction is known or accessible by the
cited theorems: low-dimensional varieties by Lefschetz and duality; cubic fourfolds as cited in the original paper;
certain generalized Kummer-type cases; and the listed Weil-type fourfold cases. The logical form used in this paper
is uniform: a published algebraicity result supplies terminal cycles, and all subsequent push-forward, product and
generically finite descent operations are algebraic.

Theorem 14.1 (Stable propagation from proved terminal families). Let B be any collection of smooth projective
varieties for which all Hodge classes used in a given construction are represented by rational algebraic cycles. Let
(B) denote classes obtained from those terminal classes by finite rational sums, products, algebraic correspondence
actions and generically finite descent. Every Hodge class in (B) is algebraic.

Proof. Products and correspondence actions preserve Chow representability. Generically finite descent is proved
above. Induction on the length of the construction completes the argument. O

Corollary 14.2. The zero-defect method is unconditionally valid on every support category whose terminal Hodge
classes are covered by the cited algebraicity theorems and whose inverse Lefschetz actions are represented by algebraic
correspondences.

15. Universal primitive support lowering

A universal proof in the present architecture would begin with an arbitrary primitive rational Hodge class o and
manufacture a smaller-support expression. The only mathematically useful form of such a construction is an explicit
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correspondence identity

N
a= Z(Fi)*ﬂi, I; € CHM™YitP=ai(y; x X)q, comp(Y;, ;) < comp(X, «).
i=1
The desired conclusion follows by induction only if this identity exists for every residual primitive class.
Definition 15.1 (Universal primitive-lowering property). Write UPL for the assertion that every nonalgebraic

primitive rational Hodge class on every smooth complex projective variety admits the displayed strict-complexity-
decreasing algebraic support identity with all terminal branches terminating in known algebraic classes.

Theorem 15.2 (Completion interface). If UPL holds, then the Hodge conjecture holds. Conversely, within a finite
algebraic-support descent proof, the unproved residual requirement is exactly a statement of the form UPL for the
classes not already covered by the terminal families.

Proof. The forward implication is primitive support induction. For the converse, remove all branches already
supplied by terminal algebraicity and Chow-stable operations. Any remaining nonzero defect class can disappear
only by an algebraic support decomposition decreasing the induction parameter or by being supplied directly as an
algebraic cycle; this is precisely the stated residual requirement. O

Remark 15.3. The theorem is a sharp completion interface. It is not a proof that UPL holds universally.
Establishing UPL would require new algebraic correspondences for arbitrary primitive Hodge classes, which are not
constructed by formal manipulation of motivated presentations alone.

16. Correspondence calculations and defect control

16.1. Exact calculations for correspondence descent

For completeness, we record the algebra behind the operations most often used in a support chain. Let p;; denote
projections from a triple product and let I' € CH" (Y x X)q, © € CH*(Z x Y')g. Then

(T 00).8 = (px)« (%6 - (p2x)+ Py O - Py xT)) -

By projection formula this equals

(px)« (P ((py)« Pz B - ©)) - T) =T(0.5).

When 8 = cl(W) and T', © are cycle classes, every equality is the cycle class of an identity in CHg.
For a finite morphism f : Y — X of degree d and a cycle W representing f*«, one obtains the exact reconstruction

1 1 1
Z:gf*I/V, cl(Z):&f*cl(W): gf*f*a:a.
For a product support, if 5 =", cl(U;) ® cl(V;) then
Z=YUxVi, c(2)=> c(U;)Rc(V;)=p.
These formulas are the full calculations underlying every safe descent edge used in the paper.

16.2. A residual-energy formulation of sub-conjectures

The universal task may be separated into sub-problems without confusing them with the final assertion. For each
pair (X, p) define

cxp =, nf o (2]

for a fixed rational Hodge class c. In finite-dimensional real cohomology, ex , = 0 is necessary for algebraicity and
is sufficient only when an exact rational representative has been produced. A descending construction therefore
requires two independent controls:

analytic control: Ex ,(c) | 0, arithmetic control: exact rational Chow realization at termination.

Criterion 16.1 (No-loss descent). A finite support process proves algebraicity for o if at each step it replaces the
current residual class by exact algebraic-correspondence images of new residual classes, strictly lowers a well-founded
complezity, and ends with explicit Chow cycles. Norm decrease without exact terminal cycles is insufficient.

Proof. The sufficient direction is the zero-defect theorem. For insufficiency, a norm estimate is a statement in a
real vector space; it contains no rational equivalence or algebraic correspondence producing a cycle class unless
such data are supplied. O
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16.3. The defect quotient as a correspondence module

For two smooth projective varieties X and Y and a rational algebraic correspondence I' € cHdm X X x Yo,
define

T.: 9°(X) — 2""(Y), T.lalg = [[.alo.

The definition is independent of the representative because a cycle class on X is mapped by I' to a cycle class on Y.
The identity correspondence gives the identity operator and composition gives

Ool',=06,T,.

Consequently the family 2°(—) is a module over the rational correspondence category. This simple statement is
the correct algebraic arena for a lowering proof: a support identity is successful precisely when the root defect class
is mapped to zero through a finite expression in this module.

Proposition 16.2 (Idempotent reduction). Let II € CHdimX(X x X)g be an idempotent correspondence. If
II.a = a and 11, acts as zero on PP(X), then « is algebraic.

Proof. The class [a]g equals [[I,a]g = I.[a]g = 0. O

This proposition packages many known geometric arguments: a class is algebraic once it is projected by an
algebraic projector into a summand whose defect group has been killed by a separate theorem. The central problem
is always the construction of such a projector and the proof that it annihilates the required defect, not the final
one-line induction.

16.4. Polarizations, adjoints, and algebraic projectors

Let X have dimension n and let A be ample. The Poincaré pairing is

<U7U>X :/ U~v,
X

while the polarized form on a primitive class of degree k is, up to the standard sign,
Qn(u,v) = / u— v — h"k,
X

If I € CH""(X x X)q, its transpose ‘T is algebraic and satisfies

/F*uvv:/uv(tF)*v.
X X

Therefore an algebraic projector may be symmetrized on any algebraic summand for which a non-degenerate
intersection matrix is available.
Suppose Z1,...,Zs € CHP(X)g have linearly independent classes and write

Mij = / CI(ZZ) ~ C](Zj) ~ hn72p.
b'e
If M is invertible, then the cohomological projection onto their span is induced by the algebraic correspondence
HZ = Z(Mﬁl)ij ZZ X (Z] . hn72p)'
i,
Indeed, for u € H?P(X),
()= 00 ( [ az) - w> ) az).
— X
i,j

Thus finite collections of algebraic cycles give exact algebraic orthogonal projections whenever the displayed
intersection form is non-degenerate. This calculation is useful for verified terminal branches, but it cannot project
an unknown Hodge class into the algebraic span without first knowing that the residual is zero.
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16.5. The Lefschetz inverse and the standard-conjecture boundary

Let L denote multiplication by a polarization. The linear map A adjoint to L with respect to the polarized pairing
completes an sly-triple on cohomology. For a primitive class u of degree k one has

ADu=j(n—k—j+1)L7 .

This is a cohomological identity. To evaluate a graph in Chow groups, the operator A must be induced by a cycle
on X x X.

Lemma 16.3 (Factorized inverse calculation). Assume Q € CH*(Y x A)g and P € CH?(AxY )q are correspondences
and A 4 is an algebraic Lefschetz inverse on A. Then

F'=PoAyo@Q

is an algebraic correspondence. If its cohomological action agrees with Ay on a sub-Hodge structure V.C H*(Y),
then every use of Ay restricted to V- may be replaced in a Chow-evaluable presentation by T.

Proof. Composition of Chow correspondences is algebraic. Equality of cohomological actions on V proves that the
replacement preserves the value of every expression whose input to the edge lies in V. O

The hypothesis that I" agrees with Ay is not a formal consequence of the existence of A. It is an equality of
operators, and a complete proof must either calculate it or cite a theorem establishing it for the particular support.
This point separates an actual lowering square from a diagrammatic suggestion.

16.6. Algebraic leaves and the abelian terminal problem

A polarized abelian variety has a large algebraic subring generated by divisor classes; inverse Lefschetz operations
preserve the Lefschetz algebra. Exceptional Hodge classes, when present, lie outside the mere divisor algebra and
require independent cycle constructions. Let

£*(A) = Qley(L) : L € Pic(A))

with closure under the algebraic Lefschetz inverses. Every element of £°(A) is the class of a rational combination
of intersections of divisor cycles and their algebraic correspondence images.

If a support presentation lowers an operator edge to A but outputs a terminal class 8 € Hdg?(A), then one of
two statements is required:

B e LiA), or IW e CHYA)q with cl(W) = 8.
Without one of these statements, the terminal leaf remains nonzero in 29(A) and the root is not resolved.

Proposition 16.4 (Leaf-sensitive lowering). Let « be expressed by algebraic correspondences from leaves f3; on
abelian varieties. If each B; belongs to L% (A;) or is supplied by a cited cycle theorem, then « is algebraic. No
conclusion follows from the algebraicity of the Lefschetz inverse operators alone unless the leaf condition is also
discharged.

Proof. The positive assertion is the exact evaluation theorem. The negative assertion is logical: algebraic edges
map algebraic inputs to algebraic outputs but do not transform an unspecified nonalgebraic input into a cycle
without a further hypothesis. O

16.7. Algebraic coniveau lowering

For a closed subvariety i : Z < X of codimension ¢, resolution of singularities yields a smooth projective Z and a
proper morphism g : Z — X. A class in the image

g : H*72¢(Z Q) — H?(X,Q)

can be realized on X once its preimage on Z has been realized. In particular, a coniveau argument lowers the
Hodge problem only if it produces a supported representation with algebraic correspondence data.
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Theorem 16.5 (Coniveau induction criterion). Let C be closed under the smooth support varieties occurring below.
Suppose that every primitive « € Hdg? (X), X € C, either is algebraic or satisfies

I

a=> (gi)+Bi,

i=1
where each g; : Y; — X is proper algebraic, each Y; has lower complexity than X, and 8; is a rational Hodge class.
Then the Hodge conjecture holds on C.

Proof. Induct on complexity. Resolve the classes ; by the induction hypothesis and push their cycles forward.
Restore the nonprimitive components by intersecting with powers of the polarization. O

This is a natural form of the missing universal sub-conjecture. It is powerful precisely because it asks for explicit
proper maps and exact equalities. An assertion that a class should be supported on a smaller locus, without
constructing the supporting correspondence, cannot be inserted into the induction.

16.8. Spread of cycles and the Hilbert-scheme route

Let m: X — S be projective and smooth over a connected quasi-projective base. A codimension-p cycle in a fiber
is parametrized by a component of a relative Chow variety or Hilbert scheme. Suppose T' — S is an algebraic cover
and Z C X7 is a relative cycle. Then for every t € T,

If this class equals the restriction of a flat Hodge section «, then every fiber on the image of T receives a cycle
representative.

Lemma 16.6 (Finite descent for relative cycles). If T'— S is generically finite of degree d and a flat Hodge section
becomes the class of a relative cycle on Xp, then over the locus where the maps are defined it is the class of the
rational cycle

1
lidy xT = ), Z.

Proof. The identity follows fiberwise from trace and extends over the smooth locus by rational equivalence and
closure. 0

Algebraicity of a Hodge locus provides an algebraic base on which the class remains of type (p,p). It does not
select a component of the relative Chow variety dominating that base. Therefore a propagation proof has two
separate obligations: identify the Hodge locus and produce a relative cycle component over it. The second is the
Chow-level step.

16.9. A normal-form theorem for support chains

A support chain is most transparent when all cohomological operations have been replaced by one of three normal
forms: a correspondence push-forward, a product of classes, or an intersection with a divisor. Let G be a finite
Chow-evaluable graph. Using composition and distributivity, every path from a leaf to the root may be collapsed
into a single algebraic correspondence, while all products may be taken at the leaf stage after replacing supports by
products.

Theorem 16.7 (Normal-form realization). If a admits a Chow-evaluable presentation, then there exist smooth
projective terminal supports Y1, ..., Yn, algebraic cycles W; € CH? (Y;)q, and algebraic correspondences

T, € CHY™YH+P=di(y; x X)g
such that

N
a= Z(ri)* (W), Zo = Z(Fi)*Wi

is a rational Chow representative.

Proof. Expand every rational sum and product in the graph. Replace a product of leaves by their exterior product
on the product support. Compose all correspondence edges along each resulting path. The terminal formula is
obtained by the correspondence composition rule, and its cycle class equals the original evaluation. O

Thus any finite zero-defect claim can be checked by asking for a finite list of supports, terminal cycles and
correspondences. This normal form is more rigorous than a diagram because it produces the cycle explicitly.
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16.10. A candidate complexity and its exact induction law
For a primitive residual pair (X, «) define a formal complexity
k(X,a) = (dim X, p, v(a)) € N?,

ordered lexicographically, where v(«) is the smallest codimension of a verified algebraic support envelope if one is
already known, and v(a) = dim X + 1 otherwise. This complexity is not asserted to decrease automatically. It is
an accounting device for a constructed lowering identity.

Proposition 16.8 (Induction law). Suppose that for every unresolved primitive pair (X, &) there is a finite algebraic

o = Z(F’L)*ﬂl

9

identity

with k(Y3 i) < k(X, ) for every i, and suppose all minimal pairs admit explicit Chow representatives. Then every
rational Hodge class is algebraic.

Proof. There is no infinite descending chain in N® with lexicographic order. Induct on x and use algebraic
correspondences to push the terminal cycle representatives to X. Use Lefschetz decomposition to reduce a
nonprimitive class to primitive pairs and divisor multiplication. O

The mathematical invention required for a universal solution is therefore not a choice of complexity; it is the
exact lowering identity for every unresolved pair. In any proposed proof this identity must be written as an equality
in rational cohomology induced by stated algebraic cycles on products.

16.11. Testing a claimed abelianization map

Suppose that a proposed construction associates to a primitive Hodge class a an abelian variety A, classes
B; € Hdg% (A) and correspondences I'; such that

a=> (T;).B.
J
There are three independent checks.

First, the displayed equality must be proved in rational cohomology, ordinarily by evaluating against a basis of
the complementary degree:

/onv'y:Z/Aﬁjv(tfj)**y for all v € H*"7?P(X, Q).
J

Second, each I'; must be the class of an algebraic correspondence, not merely a Hodge correspondence. Third,
every (3; must have an algebraic cycle representative. Only after all three checks does the formula give

Zo =Y (Ty) Wy, cl(W)) = B;.
J
Theorem 16.9 (Abelianization verification theorem). A proposed abelianization identity yields an algebraic cycle

for a exactly when the three checks above are met. In that case the displayed Z,, is a representative.

Proof. Necessity is built into Chow evaluation. Sufficiency follows by applying the cycle class map to Z, and using
the verified cohomological equality. O

This criterion is directly checkable and exposes the residual algebraicity question instead of concealing it inside
an auxiliary abelian support.
16.12. Verified low-dimensional terminal branches
For curves, surfaces and threefolds the rational Hodge conjecture follows by elementary endpoint and divisor
arguments. Let C be a curve. Classes in degree 0 and 2 are represented by C' and a point. Let S be a surface.
Codimension one follows from Lefschetz (1, 1), while codimensions zero and two are endpoints. Let T be a threefold.
Codimension one is again Lefschetz (1,1), and codimension two follows from hard Lefschetz:

Ly : H*(T,Q) = HY(T, Q).
If o € Hdg®(T) then a = L[ for a rational (1,1) class 8 = cl(D); hence
a=cl(D-H).
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Proposition 16.10 (Use as terminal supports). Any support chain terminating only on smooth projective varieties
of dimension at most three has zero leaf defect, provided every operator edge in the chain is algebraic.

Proof. The preceding calculations supply cycles for all terminal Hodge classes. Algebraic edges then evaluate the
presentation in Chow groups. O

This terminal range is fully secure and may be used without additional standard-conjecture hypotheses. In
a general proof, the difficult residual is the construction of algebraic correspondences carrying arbitrary higher-
dimensional primitive classes into this terminal range.

16.13. Correspondence ideals and residual annihilators

Let I, C End(HdgP (X)) be the set of cohomological actions of algebraic correspondences I' such that ', acts as
zero on ZP(X). It is an ideal under composition with algebraic correspondences: if I' € I, and © is algebraic, then
both OI" and I'© annihilate defect wherever the compositions are defined.

Definition 16.11 (Residual annihilator). An algebraic correspondence R € CH"™X(X x X)q is a residual
annihilator for a if R.a = o and R € I%..

Theorem 16.12. If a residual annihilator exists for «, then « is algebraic. If a finite decomposition of the diagonal

[Ax]=R+) Tio®

acts on « with R a residual annihilator and every 0;.(a) algebraic on its intermediate support, then « is algebraic.

Proof. The first statement is the idempotent reduction argument without requiring idempotency: [a] = [R.a] =0
in the defect quotient. For the second, apply the diagonal identity to o and represent every term by a cycle using
correspondence push-forward. O

This formulation gives another possible source of new machinery: an algebraic decomposition of the diagonal
tailored to primitive rational Hodge classes. It remains a construction problem, not an automatic consequence of
Hodge type.

16.14. Cycle-level verification of a support construction

Because the claimed conclusion is an equality of rational cycle classes with rational Hodge classes, each proposed
universal construction can be checked by a finite list of proof objects for each input class. A valid instance consists
of:
(1) the input smooth projective variety X, codimension p and rational Hodge class «;
(2) a finite support expression in normal form;

(3) explicit terminal Chow cycles W;;

(4)

(5) a proof of the equality av = ), (I';)« cl(W;) in rational cohomology.

explicit algebraic correspondences I';;

When these objects are supplied the cycle Z, = > .(I';).W; is immediately verified. A universal theorem must

K3
construct such objects uniformly for every (X, p, ).

Criterion 16.13 (Referee-safe closing step). A closing theorem in the support-descent architecture is complete
precisely when it includes either an explicit uniform construction of the five objects above or a published theorem
that supplies them for the claimed class of varieties.

Proof. The objects are sufficient by normal-form realization. They are necessary within this architecture because
the output of the argument is a rational algebraic cycle and every route used to construct it is a finite combination
of the listed Chow operations. O

The criterion is not a certificate style of presentation; it is the ordinary logical content of a correspondence proof.
It prevents a missing universal factorization from being hidden behind terminology.
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17. Primitive support calculus and terminal constructions

17.1. The algebraic residual and its exact functorial structure

The quotient 2P (X) records a class only after every evident cycle has been removed. It is therefore more economical
than a second Hodge structure: it is a finite-dimensional rational vector space equipped with every operation
already known to be algebraic. The following sequence will be used repeatedly. If i : Y < X is a smooth closed
subvariety of codimension ¢, then

CHP (Y )q — CHP (X )g —2 Hdg?(X) —s 27(X) — 0

has zero composite from the left to the right. Consequently a class whose defect is represented by a push-forward
from Y is algebraic as soon as the corresponding class on Y is algebraic.

Proposition 17.1 (Exactness under supported realization). Let i : Y < X be a smooth closed subvariety of
codimension c, and let B € Hdg?~°(Y). If a = i.3 in H**(X,Q) and [B]y = 0, then [a]y = 0. More generally, if
I e CHM™Y P4y x X)g and a = I, with |8 = 0, then [a]g = 0.

Proof. Choose W € CHP™“(Y')q with cl(W) = 5. Then i, W € CH?(X)g and
cl(ixW) =i (W) =i = a.
For a correspondence use I', W in place of ¢, WW and the equality cl(I',\W) = T, cI(W). O

A support-lowering theorem must produce precisely such a representation, and not merely an inclusion of Hodge
structures. If the support has dimension < dim X, induction is available; if the support has the same dimension, the
operation must lower another discrete quantity, for example primitive level or motivic complexity. This observation
gives the correct shape of a finite descent.

Definition 17.2 (Lexicographic support complexity). For a Hodge class represented on a support Y with polarization
1, define its complexity to be
#(Y,q,5) = (dimY, g, j) € N’

where q is its codimension on'Y and j is the largest primitive Lefschetz level required in the presentation. The
order is lexicographic, first by dimension and then by j and q.

Lemma 17.3 (Termination of genuine support lowering). Suppose every unresolved primitive leaf in a finite
presentation is replaced by finitely many leaves of strictly smaller complexity and every replacement is implemented
by algebraic correspondences. Then repeated replacement terminates, and the root class is algebraic whenever every
minimal leaf is algebraic.

Proof. The multiset of complexities of unresolved leaves is ordered by the multiset extension of the well-order on
N3. Each replacement strictly decreases this multiset. There is no infinite descending sequence. At termination all
leaves are algebraic, and the exact evaluation theorem applies. O

17.2. Primitive decomposition with rational coefficients

Let n = dim X and h be the rational class of an ample divisor. Put L(y) = h — v. For k < n set
PR(X) =ker(L"*1 : H*(X,Q) — H*2(X,Q)).

The Lefschetz decomposition is rational because L is rational and hard Lefschetz is a rational isomorphism:
p . .
H?(X,Q) = @ L/ PP (X).
§=0

For a rational Hodge class o the primitive components remain rational Hodge classes, since the decomposition
respects Hodge type. It is useful to record the linear algebra without presuming algebraicity of any projector.

Lemma 17.4 (Triangular reconstruction). Let o € Hdg?(X) and write a = 30_ L/ aj with o € P*~2/(X). If
each a is the cycle class of Z; € CHP ™7 (X)q, then

P
Z = Zhj -Z; € CHP(X)q satisfies cl(Z) = a.
i=0
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Proof. Intersection by h? has cycle class L. Therefore
A(Z)=> L'd(Z;) =Y La; =a.
J J

O

The converse direction is not formal. Given a cycle representing «, extracting a; at the Chow level requires
algebraic primitive projectors. Write 75°" for the cohomological projector onto L7 P?*~27(X). The projector can be
expressed as a polynomial in L and the adjoint lowering operator A, with rational coefficients depending on n, p, j.
Accordingly the projector becomes a correspondence only when the relevant lowering operator is represented by an
algebraic cycle on X x X.

Proposition 17.5 (Projector boundary). Assume there exist algebraic correspondences I1; € CH" (X x X)q acting
as 7rJ°»°h on H?"(X,Q). Then the Hodge conjecture for Hdg?(X) is equivalent to the algebraicity of every primitive
component (I1;).a of every a € HdgP(X).

Proof. If all primitive components are algebraic, triangular reconstruction gives the class a. Conversely, if o = cl(Z),
then (IL;).a = cl((I1;). Z) by algebraicity of II;. O

This proposition isolates one of the two tasks hidden by an unqualified support descent: the primitive splitting
itself must be made algebraic, or the primitive leaf must be constructed directly without using projectors.

17.3. Correspondence algebras and defect ideals

For a smooth projective variety X of dimension n, set
Corr’(X) = CH"(X x X)q,

with multiplication by composition of correspondences. Its image on cohomology is an algebra of endomorphisms
of H*(X,Q) preserving rational Hodge structure. Define

1% = {T' € Cort®(X) : I, Hdg”(X) C cl% (CH(X)q) }-
This is the family of correspondences whose action kills degree-p algebraicity defect.

Lemma 17.6 (Right ideal property). IfT' € I% and © € Corr’(X), then T 0 © € Iy whenever O, preserves
Hdg?(X).

Proof. For a € Hdg?(X), ©.,.a € Hdg”(X); hence 'O« is algebraic by definition of I%.. O
Proposition 17.7 (Defect annihilation criterion). Suppose there are correspondences Ey,...,Ex € CorrO(X) such
that

N
Y E;=Ax on Hdg?(X)
i=1

and each E; € I%,. Then 2P(X) = 0.

Proof. For o € Hdg?(X) one has a« = ) _,(E;)«a. Every summand is an algebraic cycle class; their sum is
algebraic. O

The relevance is practical. A universal proof need not realize every Hodge class by a single geometric move. It
may produce a finite algebraic partition of the identity into components each of which factors through a support
where algebraicity can be proved. The burden is to construct the F; as Chow correspondences, to prove their
identity on the required Hodge subspace, and to prove terminal algebraicity after factorization.

17.4. Generically finite maps and trace descent

The simplest complete support reduction arises from a generically finite morphism. Let f : Y — X be a surjective
generically finite morphism of degree d between smooth projective varieties of the same dimension. The graph I'y
and its transpose define Chow correspondences. On cohomology the projection formula gives

fof (@) = da.

This identity is already strong enough for exact descent of cycles.
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Theorem 17.8 (Trace descent). If f: Y — X is generically finite of degree d and the Hodge conjecture holds for
the class f*a € HdgP(Y'), then it holds for a € HdgP(X). Eaplicitly, if cl(W) = f*«, then

1
7 = Ef*W € CH?(X)q, c(Z) = a.

Proof. Compatibility of the cycle map and the trace identity give

cl<cllf*W) = %f* (W) = éf*f*a =a.
O

Corollary 17.9 (Finite quotient transfer). Let a finite group G act algebraically on a smooth projective variety Y,
and let a smooth projective resolution X receive a generically finite map from Y/G. Any Hodge class on X whose
pull-back to a smooth dominating cover is algebraic is algebraic on X.

The theorem explains why finite covers, isogenies and controlled quotients are legitimate closing operations.
They lower neither arbitrary primitive classes nor arbitrary inverse Lefschetz operators by themselves, but when a
particular class becomes algebraic upstairs they return a rational cycle downstairs without a loss of information.

17.5. Supported cohomology and the coniveau route

Let N°H?P(X,Q) be the coniveau filtration: it is generated by images of cohomology with supports in closed
algebraic subsets of codimension at least c. For a smooth support i : Y < X of codimension ¢, the Gysin map
sends

iy s HP72°(Y,Q) — H?!(X,Q).

A class represented by a cycle is contained in coniveau at least its codimension; the reverse assertion for rational
Hodge classes is substantial.

Proposition 17.10 (Coniveau realization step). Let o € Hdg?(X) and suppose that

M

o = Z(ir)*ﬁrv

r=1

where i, : Y, — X are smooth closed subvarieties of codimension ¢, > 0 and 3, € HdgP™“"(Y,.). If each B, is
algebraic, then « is algebraic.

Proof. Choose W, € CH?™“"(Y,)q with cl(W;) = 8, and put Z = )" (¢;)«W,. Then

cA(2) = (ir)s (W) = a.

s

O

This is a valid dimension descent: each Y. has strictly smaller dimension than X. Consequently a universal
proof could be obtained from a theorem that every primitive rational Hodge class admits a finite algebraic coniveau
representation whose lower-dimensional leaves terminate in classes already known to be algebraic. The key phrase
is “algebraic coniveau representation”: analytic support or Hodge-locus membership alone does not provide the
Gysin cycles required in the displayed formula.

Theorem 17.11 (Inductive coniveau completion). Assume that for every smooth projective variety X of dimension n
and every primitive rational Hodge class of positive codimension which is not a divisor class, there is a representation
as in the proposition with all supports of dimension < n. Then the Hodge conjecture holds for all smooth complex
projective varieties.

Proof. Induct on dimension. Dimension zero is immediate. Divisor classes are algebraic by the Lefschetz (1,1)
theorem. For a class on X, use primitive decomposition; the non-primitive pieces are products with the ample divisor.
Apply the assumed support representation to each unresolved primitive piece. The leaves lie on lower-dimensional
supports and are algebraic by induction; the proposition and triangular reconstruction finish the argument. O

The theorem is exact: it proves that an algebraic primitive-support representation is sufficient and identifies the
construction whose universal production is required.
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17.6. Abelian supports and the leaf condition

An abelian support is valuable because several operators needed for Lefschetz manipulation are algebraic. Let A be
an abelian variety with polarization 6. Algebraic correspondences obtained from divisor classes, the group law,
inversion and the polarization control the Lefschetz algebra generated by Ly and its adjoint on the Lefschetz part
of cohomology. Whenever a terminal Hodge leaf is already a class in the algebra generated by divisor classes, it is
represented by an algebraic cycle.

Definition 17.12 (Lefschetz-terminal leaf). A Hodge class 8 € Hdg?(A) is Lefschetz-terminal if it belongs to the
Q-subalgebra of H**(A, Q) generated by divisor classes known to be algebraic on A.

Lemma 17.13 (Algebraicity of Lefschetz-terminal leaves). Every Lefschetz-terminal leaf is algebraic.

Proof. A divisor class is the first Chern class of an algebraic line bundle. A rational polynomial in divisor classes is
the cycle class of the same intersection polynomial in the corresponding divisor cycles. O

Proposition 17.14 (Safe abelian factorization). Let o € HdgP (X)) be written

N
a=Y (T).fi, Ty CHMATPTE(4; % X)q,
i=1
where each A; is an abelian variety and each 8; € Hdg? (A;) is Lefschetz-terminal or belongs to another proved
algebraic family. Then « is algebraic.

Proof. Choose cycles B; with cl(B;) = f8; and put Z = ). (I';).B;. O

This formulation removes a hidden jump. Moving an inverse Lefschetz operator to an abelian support resolves
that operator when the required correspondence is supplied; it does not, by itself, prove that an arbitrary Hodge
leaf on the abelian variety is algebraic. A correct finite support graph must discharge both duties.

17.7. Algebraic factorization of inverse Lefschetz edges

Let Y be smooth projective of dimension m, with polarization 7, and let V" C H*(Y,Q) be a rational Hodge
substructure stable under the required Lefschetz operations. Suppose A is an abelian variety and there are algebraic

correspondences
Q € CHY™Y+" (Y x A)g, P eCH"™A"(AxY)q

whose cohomological maps identify V' with a direct summand of H*(A,Q). Let A4 be an algebraic Lefschetz
inverse on that summand.

Theorem 17.15 (Edge replacement theorem). If on V' one has
Ay = P.AAQ.,
then the restriction of Ay to V is induced by the algebraic correspondence
E=PoAs0Qec CH" (Y xY)q.

If every occurrence of Ay in a finite presentation acts only on such a V', each occurrence may be replaced by =
without changing the root Hodge class.

Proof. The composition = is a Chow correspondence. Its action is P,A Q. by the correspondence composition
formula, hence it agrees with Ay on V. Replacement of a finite expression by equal operators on every class to
which they are applied leaves its evaluated cohomology class unchanged. After all replacements, these edges are
Chow-evaluable. O

Corollary 17.16 (Finite edge discharge). If a presentation has finitely many inverse Lefschetz edges and each
satisfies the hypotheses of the edge replacement theorem, then its operator defect is zero after finitely many explicit
replacements.

The universal issue is now accurately located: construct A, P, Q for every residual primitive substructure arising
from every rational Hodge class, and provide algebraic terminal leaves. A formal declaration that such objects exist
cannot replace their construction.
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17.8. The standard-conjecture test for any lowering construction

A proposed universal lowering operation can be tested before it is used on arbitrary Hodge classes. Let X have
dimension n and polarization h. The inverse of the Lefschetz isomorphism

L% HX,Q) = H**"(X,Q)

is a rational Hodge correspondence on X x X. An algebraic cycle realizing it is the content of the Lefschetz
standard conjecture in degree k.

Proposition 17.17 (Universal lowering implies algebraic Lefschetz inverses). Suppose a support-lowering rule is
available for all rational Hodge correspondences on products X x X, and suppose its terminal output consists of
Chow-evaluable data. Then the inverse Lefschetz correspondence on every X to which the rule applies is algebraic.

Proof. Apply the rule to the rational Hodge correspondence given by the inverse of L™~* on its graph in H*(X x X, Q).
Chow evaluation of the output produces an algebraic correspondence with the same cohomological action. O

Corollary 17.18 (Necessary self-test). Any claimed construction that lowers every primitive Hodge class but
cannot algebraize the inverse Lefschetz correspondence on X x X has not yet produced a universal Chow-level
method.

This self-test is especially useful because it detects whether a lowering method merely rewrites a Hodge-theoretic
operator or actually constructs a cycle. It does not rule out the desired construction; it determines the strength
that the construction must possess.

17.9. Finite monodromy, covers, and exact descent to the base

Suppose f: X — S is a smooth projective morphism and a variation of Hodge structure becomes constant after a
finite eétale cover 7 : 8" — S. Form the pull-back X’ = X x g S’. Constancy of a local system identifies cohomology
fibres, but algebraic cycles descend only after cycles are supplied on X’ and their Galois averages are controlled.
The needed calculation is elementary once the cycles exist.

Theorem 17.19 (Averaged cycle descent). Let w: X' — X be finite flat of degree d, and suppose a € Hdg?(X)
has a cycle W € CHP(X')q with cl(W) = n*a. Then

Z = éﬂ*W € CH’(X)g and cl(Z)=oa.

If X'/ X is Galois, Z equals the normalized Galois trace of any descended cycle representative.

Proof. The first equality is trace descent. In the Galois case, 7*m, WV =" gec 9+W, so the normalized trace has
the same class and descends to X. O

Thus finite monodromy is not itself a proof of Hodge algebraicity; it is a mechanism for transferring algebraicity
after one has constructed cycles on the trivializing cover. In families where the fibre class is already known to be
algebraic and spreads algebraically, the theorem is effective and exact.

17.10. Spreading a cycle and specializing its class

Let X — S be a smooth projective family over a connected complex algebraic base. An algebraic cycle Z C X flat
over a nonempty open subset has cycle classes in the fibres that form a flat section of the corresponding variation
of Hodge structure. This produces classes by geometry, not by a mere constancy assertion.

Proposition 17.20 (Specialization of an algebraic cycle). Let sg,s1 € S lie in a connected open set over which a
relative cycle Z is flat. Then the classes cl(Zs,) and cl(Zs,) are parallel transports of one another. In particular, if
a prescribed flat Hodge section equals cl(Z,,) at one fibre and is represented by the same relative cycle, then it is
algebraic on every fibre in the open set.

Proof. The relative cycle class of Z lies in the locally constant system R??f.Q and restricts to the cycle class of
every fibre. Its restriction is therefore horizontal and agrees with its parallel transport. O

Remark 17.21. A Hodge locus records fibres on which a fized rational flat class remains of type (p,p). Algebraicity
at one point of the Hodge locus does not automatically create a relative algebraic cycle on the whole locus. Any use
of Hodge-locus propagation must therefore include a spreading construction or another algebraic correspondence
that transports the cycle itself.
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17.11. A normal form for a proved support descent

The preceding calculations can be compressed into a normal form which a proposed proof may be required to
satisfy. For o € HdgP (X)), a resolved support expression is an identity

N

a=> (Ty).cl(Z),

i=1
where Y; are smooth projective varieties, Z; € CH%(Y;)q and
T, € CHImYitr=ai(y, x X)q.
All symbols in the right-hand side are algebraic cycles. Such an identity directly gives

Zo =Y (13).Zi € CH(X)g,  cl(Za) = a.

i

Theorem 17.22 (Normal-form completion theorem). Let C be a class of smooth projective varieties. Assume that
for every X € C, every p, and every a € HdgP(X), a resolved support expression can be constructed by finitely
many of the following operations: divisor intersections, exterior products, proper push-forwards, flat pull-backs,
trace descent under generically finite morphisms, and edge replacements supplied by algebraic correspondences.
Then the Hodge conjecture holds for every variety in C.

Proof. Each allowed operation exists on Chow groups and commutes with the cycle class map. Evaluate the finite
construction in Chow groups. The final cycle has class a. O

This theorem is the rigorous mathematical content of a zero-defect approach. Its hypotheses are not terminological:
every edge and terminal leaf must be displayed as a cycle or proved to belong to an already established algebraic
family.

17.12. What a universal primitive-lowering theorem must contain

We may now state the required universal construction with no ambiguity. Let o € Hdg?(X) be primitive with
respect to an ample divisor. A primitive lowering package for « consists of:
(i) finitely many smooth projective supports Y; of dimension strictly smaller than dim X, or supports carrying a
terminal algebraicity theorem for the exact leaf involved;
(i) rational algebraic correspondences T'; € CHI™ YitP=4i(y; x X)q;
(iii) rational Hodge classes §; € Hdg? (Y;) with an exact identity

o= Z(Fi)*ﬁi;

%

(iv) either cycles B; with cl(B;) = §;, or a further primitive lowering package for each unresolved S; of strictly
smaller complexity.

Theorem 17.23 (Primitive-lowering implication). If a primitive lowering package exists for every primitive rational
Hodge class on every smooth complex projective variety, with strict termination in the support complexity order,
then

cl(CHp(X)@) = Hdg?(X)

for every smooth projective X and every p.

Proof. Induct on the multiset of unresolved support complexities. A terminal leaf is algebraic by its supplied
theorem. For a nonterminal leaf, apply its strictly lower package. Termination yields a resolved support expression
for every primitive component. The normal-form completion theorem and primitive triangular reconstruction give
the required cycle for the original Hodge class. O

The theorem is complete as an implication and gives a precise target for further construction. Its universal
hypothesis is the new algebraic geometry required to settle the general conjecture; it is not supplied merely by the
existence of a cohomological or motivated presentation.
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17.13. Proved terminal regimes and their use in descent

Several terminal regimes require no new universal theorem. Codimension one is supplied by the Lefschetz (1,1)
theorem. By Poincaré duality and intersection with ample divisors, the dual low-codimension regimes reduce to
cycle operations. For smooth projective varieties of dimension at most three, rational Hodge classes occur only in
codimensions where these classical statements apply. Products of varieties are available whenever the required
Hodge class is explicitly an exterior-product sum of algebraic leaf classes. Generically finite images are available by
trace descent. Classes supported on proper smooth subvarieties are available once their lower-dimensional leaves
have been realized.

Proposition 17.24 (Threefold terminal regime). Let X be a smooth complex projective variety of dimension at
most three. Then every rational Hodge class on X is algebraic.

Proof. For a threefold the relevant codimensions are 0, 1,2,3. The classes in codimension 0 and 3 are generated
by the fundamental class and points. Codimension 1 is algebraic by Lefschetz (1,1). Codimension 2 is dual to
codimension 1 under hard Lefschetz and Poincaré duality: for a rational (2,2) class «, the inverse of multiplication
by an ample class gives a rational (1,1) class, which is the class of a rational divisor; multiplying that divisor by
the ample divisor gives a. O

Proposition 17.25 (Supported induction regime). Assume the Hodge conjecture in dimensions < n. Let X have
dimension n and let every primitive Hodge class under consideration be the push-forward of a rational Hodge class
on a smooth proper subvariety. Then those primitive classes are algebraic on X.

Proof. The leaf classes lie on smaller-dimensional supports and are algebraic by induction. Apply coniveau
realization. O

These propositions are usable terminal leaves in a support graph. They do not depend on a global abelianization
statement and therefore may be applied without circularity.

17.14. A rigorous test for a claimed completed proof

A support-descent proof can be checked class by class and operator by operator. For each input o € Hdg?(X) it

must return a finite list of cycles and correspondences satisfying the normal-form identity. The test has four parts:

(1) every terminal Z; is an actual rational algebraic cycle on a stated support Y;;

(2) every transport map I'; is an actual Chow correspondence with correct codimension;

(3) every inverse Lefschetz, primitive projector or Kiinneth projector used internally is either algebraic on the
range used or bypassed by an explicit cycle identity;

(4) the evaluated cohomological equality with « is exact over Q.

When these four checks hold, the final cycle Z,, is not inferred from density, approximation, or terminology: it is

written down by Chow operations.

Proposition 17.26 (No hidden defect criterion). A finite support expression which satisfies the four tests is
Chow-evaluable and therefore kills [a]g. Conversely, an expression that contains an unresolved inverse Lefschetz
edge, an unresolved terminal Hodge leaf, or an unrepresented cohomological projector does not yet prove [a]g = 0.

Proof. The first assertion is exact evaluation. For the converse, the indicated object is not defined as an operation
producing a rational Chow class, so the expression has not produced the required representative in CHP(X)g. O

The purpose of this test is constructive. It identifies where new cycles must be built and ensures that a completed
proof, once obtained, can be verified by checking a finite chain of rational Chow identities for each class.

17.15. Projective bundles and blow-ups as exact algebraic transports

Two geometric constructions recur in support arguments because their cohomology and Chow groups have parallel
decompositions. Let E be a vector bundle of rank r on a smooth projective variety B and let 7 : P(F) — B be its
projectivization. Put £ = ¢1(Op(g)(1)). The projective bundle formulas are

CHM(P(E))g = D& - n* CH(B)g,  HP(P(E),Q) = D¢ — n*H» % (B,Q).

Jj=0 Jj=0

Both decompositions are compatible with the cycle class map.
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Theorem 17.27 (Projective bundle stability). If the Hodge conjecture holds for B in every codimension, then it
holds for P(E) in every codimension.

Proof. Let a € Hdg? (P(F)). The cohomological projective bundle formula writes uniquely
r—1 .
azZﬁj — 1 aj, a; € Hdg" ™7 (B).
3=0
By the assumption, choose Z; € CH?™7(B)g with cl(Z;) = a;j. Then
r—1
z=) ¢ 72
3=0

is an algebraic cycle and cl(Z) = a. O

Let i : Y < X be a smooth closed subvariety of codimension ¢ > 2, let p : X = Bly X — X be the blow-up,
let E' = P(Ny,x) be its exceptional divisor, and let j: £ < X, ¢ : £ — Y be the structure maps. The blow-up
decompositions have the form

c—1
CHP(X)g ~ p* CHP(X)g & @ j. (6" 'q" CHP*(Y)q),

a=1
with the identical formula for rational cohomology and Hodge type.

Theorem 17.28 (Blow-up stability). If the Hodge conjecture holds for X and for the smooth center Y, then it
holds for Bly X.

Proof. Every rational Hodge class on X decomposes into a pull-back from X and exceptional components obtained
from rational Hodge classes on Y multiplied by powers of the algebraic class £ and pushed forward by j. Replace
each component by a cycle using the hypotheses and the displayed Chow formula. O

These results are genuine support transports. They allow any terminal class proved on a lower-dimensional
center to be carried through projective and birational modifications without introducing an unproved projector or
inverse Lefschetz map.

17.16. Curves, surfaces, threefolds, and products of curves

The first terminal geometries can be written in a unified way. On a curve, rational Hodge classes occur in degrees 0
and 2 and are generated by the fundamental class and points. On a smooth projective surface, codimension one is
handled by Lefschetz (1,1); the remaining codimensions are again generated by the fundamental class and points.
The same argument, with hard Lefschetz, handles threefolds as above.

For products of curves there is a direct description. Let X = Cy x - - - x Cp,. The cohomology algebra is generated
by H°(C;), H*(C;) and H?(C;). Divisor classes include the pull-backs of points and, on products C; x C}, classes
of algebraic correspondences between Jacobians when such correspondences represent the required Hodge tensors.
Thus a class given explicitly as an intersection polynomial in these divisor and correspondence cycles is algebraic
by construction.

Proposition 17.29 (Explicit tensor realization). Let X = X; X -+ x X,,,. Suppose a rational Hodge class
a € HdgP (X) is supplied in the form

N
o= Zpr’f c(Z1,y) — - —pr, N Zpm,.),

v=1

where Z; ,, are rational cycles on X; and the total codimension is p. Then

N
Z pri Zi, Py Zmw € CHP(X)g
v=1

represents o.
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Proof. This is repeated compatibility of exterior product and intersection product with the cycle map. O

Remark 17.30. The proposition is intentionally stated for an explicit tensor realization. A general rational Hodge
class on a high product is not automatically supplied by divisor tensors alone. The construction is exact whenever
the required tensor factors have been algebraized; it does not turn a decomposition in complex vector spaces into a
Chow identity without such data.

17.17. Algebraic diagonal decompositions and action on Hodge classes
The diagonal Ax C X x X represents the identity correspondence. A decomposition of its action on a selected

Hodge space is a powerful route to algebraicity. Suppose

N
[Ax] Hage(x) = D (T4 0 'T4) Hage (x)

=1

where I'; factors through a smooth projective Y; and every required Hodge class on the image in Y; is algebraic.
Then the identity has been decomposed into algebraic terminal actions.

Theorem 17.31 (Diagonal factorization criterion). Let Ty € CHY™ Y7 (Y, x X)q and ©; € CH™ X771 (X x Y;)g
satisfy
Y (Ti06;). =id on Hdg"(X).

)

Assume every class O« is algebraic on'Y; for every a € HdgP(X). Then the Hodge conjecture holds for HdgP (X).

Proof. Given «, choose W; with cl(W;) = ©;,«. Then
Z = Z Fi*Wi
i

satisfies
(Z) =) Ti6ja=a.
i

O

A primitive-lowering construction can therefore be sought as a decomposition of the identity on the primitive
Hodge part, with every summand factoring through lower-dimensional or terminal supports. The advantage of
this formulation is that it produces a single algebraic identity of endomorphisms to verify; the danger is that the
required factorization of the diagonal is itself generally deep.

17.18. Polarized adjoints and the cycle-level requirement
Fix an ample divisor h on X and the polarization pairing
Qulad)= [ awsomt (e HNX,Q)
X

If I is an algebraic correspondence, its transpose is algebraic and represents the adjoint with respect to Poincaré
duality, after the appropriate degree shifts. Thus an algebraic factorization can be made self-adjoint by replacing a
factor with a correspondence composed with its transpose.

Lemma 17.32 (Positive factor action). Let ' : Y --» X be represented by an algebraic correspondence of the
correct codimension. The endomorphism E =T o'l of H*(X,Q) is algebraic and satisfies

Qh(Eav a) = th (tr*a; tr*a)
whenever the polarizations and degree shifts are chosen compatibly.

Proof. Algebraicity follows from composition and transposition. The pairing identity is the projection formula for
correspondences. O

This identity motivates energy language, but it also limits it. Positivity of Qp(FE«, «) proves vanishing of a
transformed class only when the transformation is already algebraic or the equality is coupled to an explicit cycle.
A norm estimate in cohomology alone cannot output a rational algebraic cycle.
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Proposition 17.33 (Energy-to-cycle rule). Suppose E1,...,En are algebraic, self-adjoint correspondences pre-
serving Hdg? (X)) and
> E;=id on Hdg"(X).

If the image of every E; on HdgP(X) lies in the algebraic subspace, then every rational Hodge class is algebraic.
Positivity or orthogonality of the E; is optional and may be used only to verify the identity or the image condition.

Proof. 1t is the defect annihilation criterion applied to the partition of the identity. O

17.19. The Lefschetz standard interface in full detail
For 0 < k < n, hard Lefschetz gives

L% H"(X,Q) — H**(X,Q).

Its inverse is a morphism of rational Hodge structures. Let Ay denote the corresponding cohomology class on X x X
under the identification of endomorphisms with Kiinneth components of the product. The assertion Ay = cl(Ay)
for some algebraic correspondence Ay is precisely the required inverse-Lefschetz algebraicity in degree k.

Theorem 17.34 (Reduction of projector construction to inverse Lefschetz algebraicity). If Ay is algebraic for every
k required in degree 2p, then every primitive projection on H*(X,Q) is induced by an algebraic correspondence.
Conversely, an algebraic primitive splitting sufficiently rich to reconstruct the lowering operator supplies the
corresponding tnverse-Lefschetz algebraicity on the involved summands.

Proof. The sls representation generated by L and its lowering operator A decomposes cohomology into primitive
strings. Primitive projectors are universal rational polynomials in L and A on each finite-dimensional degree range.
If L and A are algebraic, so are these polynomials under composition and rational addition. Conversely, on each
primitive string the lowering map is a rational linear combination of transitions between the projected Lefschetz
components; algebraicity of the projections and of L realizes these transitions whenever the stated reconstruction
data are supplied. O

Corollary 17.35 (Strongness of universal edge lowering). A theorem that algebraically replaces every inverse
Lefschetz edge appearing in every Hodge presentation simultaneously yields all required Lefschetz standard corre-
spondences. It therefore contains a substantial standard-conjecture component and cannot be obtained by formal
manipulation of motivated expressions alone.

This is not a negative conclusion. It specifies the theorem that the proposed zero-defect mechanism must prove
and gives an exact way of recognizing a successful construction.

17.20. Motivated presentations and the rational cycle gap

A motivated correspondence is defined using algebraic cycles together with operations involving a Lefschetz
involution. The resulting category is designed to have desirable semisimplicity and realization properties without
assuming the standard conjectures. It is essential, however, to distinguish a motivated operation from a Chow
correspondence. Motivatedness records a controlled cohomological presentation; Chow algebraicity requires that
every occurrence of the Lefschetz involution be replaced by an actual algebraic correspondence in the expression
used.

Definition 17.36 (Motivated-to-Chow discharge). Let G be a motivated presentation of a rational Hodge class. A
discharge of G is a replacement of every motivated non-Chow operator by a rational algebraic correspondence having
the same action on every intermediate class in G, together with rational algebraic cycles representing every leaf.

Theorem 17.37 (Discharge theorem). A motivated presentation with a discharge evaluates to a rational algebraic
cycle representing its root class.

Proof. After the replacements, the presentation is Chow-evaluable. Apply exact evaluation. O

Proposition 17.38 (Leaf-and-edge separation). Suppose every non-Chow operator in a motivated presentation has
been replaced algebraically. The root class is algebraic if and only if the resulting terminal leaf expression evaluates
to an algebraic cycle. In particular, operator discharge alone cannot resolve a nonalgebraic terminal leaf.
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Proof. Once edges are algebraic, the root is the image of the leaves under Chow correspondences. Algebraic leaves
yield an algebraic root. Without algebraic leaves no Chow expression has yet been constructed; an algebraic edge
carries, but does not create, a missing leaf cycle. O

The distinction repairs the zero-defect count: both the operator component and the leaf component must vanish.
Any universal construction must display how both are removed.

17.21. Inductive support chains and their exact evaluation

A support chain for a class ag € HdgP°(Xj) consists of finitely many stages. At stage r, one has unresolved classes
oy ; € HdgP™ (X, ;) and algebraic correspondences expressing the preceding unresolved class as a rational sum
of their images. A branch terminates when a cycle representing its leaf is supplied. Formally, the relation at a

nonterminal vertex is
Ny ;i

ari =Y (Trij)etriry,  Trij € CHY(Xpp1; x Xp4)o

=1

Theorem 17.39 (Evaluation of a finite support tree). Let a support chain be a finite rooted tree whose edge
relations are equalities as above and whose terminal vertices carry cycles Zy with cl(Z;) = ay. Then its root carries
an explicitly obtained cycle Zy with cl(Zy) = ayp.

Proof. At a vertex all of whose children are resolved, define

Ly = Z(Fr,i,j)*Zr+1,j~
J
The cycle-class equality at that vertex follows by compatibility with correspondence action and the stated edge
relation. Upward induction resolves the root. O

Proposition 17.40 (Dimension-lowering termination). If every nonterminal edge in such a support tree leads
to supports of strictly smaller dimension, then the tree has depth at most dim Xy once terminal repetitions are
suppressed.

Proof. Along every branch the nonnegative integer dimension decreases strictly. Hence no branch has more than
dim X nonterminal transitions. O

The unresolved universal task is thus not an issue of infinite induction: it is the existence, for every primitive
Hodge leaf, of the first algebraic relation that lowers it into the tree.

17.22. A complete theorem on the algebraically lowered class

The preceding operations yield a strong, unconditional theorem for a well-defined class of inputs. Let 2 be the
smallest class of pairs (X, «), with « a rational Hodge class on a smooth projective X, satisfying:
(i) all algebraic cycle classes belong to £
(ii) Z is closed under rational sums, products with divisor classes, exterior products, pull-backs and proper
push-forwards;
(iii) it is closed under algebraic correspondences;
(iv) it is closed under trace descent through a generically finite morphism;
(v) if a primitive class admits a finite correspondence expression through classes already in %, it belongs to Z.

Theorem 17.41 (Algebraic lowered-class theorem). For every (X,a) € Z there is a cycle Z, € CHP(X)q such
that cl(Z,) = «. The cycle is obtained by evaluation of a finite support expression and is functorial under each
generating operation.

Proof. Induct on the construction of 2. The base case is a supplied algebraic cycle. Each closure operation is
defined on Chow groups and commutes with the cycle map. The final clause is the finite support-tree evaluation
theorem. O

The theorem is not a relabeling of the Hodge conjecture. It is a proved algebraization result for exactly the
classes reached by explicit cycle-valued lowering operations. A complete solution of the general conjecture would
follow from proving that every rational Hodge class lies in 2 by a universal primitive-lowering construction.
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17.23. The universal primitive-lowering construction as a theorem target

Let #(X, p) denote the primitive rational (p, p)-classes on X. The remaining theorem can be stated as a construction
problem.

Problem 17.42 (Primitive algebraic lowering). For each o € P (X,p), construct smooth projective varieties
Y1,..., YN, classes B; € 2 on Y;, and algebraic correspondences T'; such that

a = (T:).fs

i
and either dimY; < dim X or each B; belongs to a terminal class admitting a known cycle-valued realization.

Theorem 17.43 (Consequence of primitive algebraic lowering). If primitive algebraic lowering is constructed for
every smooth complex projective variety, every codimension and every primitive rational Hodge class, then the
Hodge conjecture holds in full generality.

Proof. Every rational Hodge class decomposes into primitive Lefschetz pieces. Divisor multiplication is algebraic.
Apply the lowering construction to each unresolved primitive piece. Strict decrease of dimension or termination in
a proved class makes every branch finite. The algebraic lowered-class theorem provides cycles for all leaves and
evaluates them upward to a cycle representing the original class. O

For a submitted proof of the universal assertion, the objects Y;, 8; and I'; must be constructed and the displayed
equality checked for arbitrary «. The remainder of the paper supplies the exact operations that such a construction
may use without loss.

17.24. Further exact calculations for an algebraic lowering package

Suppose a primitive leaf is related to a support Y by correspondences @ : Y --+ X and P : X --+ Y satisfying

P*Q*B:B7 Q*P*Oé:a

after restriction to the leaf subspaces. If 8 = P,« is represented by B € CHY(Y)q, then Q.B is a representative
for a. Conversely, to use such a retraction before knowing g is algebraic, one must lower S further. Algebraic
retractions organize the tree but do not supply missing leaves.

Lemma 17.44 (Retract transport). Let P, Q be algebraic correspondences and V- C HdgP(X) be a rational subspace
on which Q.P, =idy. If P,V consists of algebraic classes on'Y, then V' consists of algebraic classes on X.

Proof. For a € V, choose B with cl(B) = P.a. Then Q. B has cycle class Q. P.a = a. O

Lemma 17.45 (Orthogonal summand transport). Suppose algebraic self-adjoint idempotents eq, ..., en € Corr? (X)
are pairwise orthogonal and sum to the identity on HdgP (X). If each image e; HdgP (X) admits an algebraic retract
to a proved terminal support, then 2P(X) = 0.

Proof. Apply retract transport to each image, and sum the algebraic components e;a. O

These formulas show how a future construction can be checked in finitely many correspondence identities. They
also clarify why a decomposition merely asserted at the level of Hodge structures is insufficient: the idempotents
and retractions must be cycles on products.

17.25. Concluding mathematical statement

The arguments above establish an exact algebraization calculus. Every rational Hodge class supplied with a finite
algebraic support tree is the class of a rational algebraic cycle; the cycle is obtained explicitly by correspondence
evaluation. The calculus includes projective bundles, blow-ups, generically finite trace descent, coniveau-supported
reduction, terminal low-dimensional classes, algebraic retracts and algebraic factorization of inverse Lefschetz edges.
It also supplies two strict correctness tests: every primitive projector invoked in Chow theory must be represented
algebraically, and every terminal Hodge leaf must carry a cycle rather than merely an abelian or motivated label.
For the universal Hodge assertion, the remaining construction is the primitive algebraic lowering problem stated
above. Proving that construction for arbitrary (X, p, @) would, by the complete implication theorem, produce a
rational Chow cycle with class « for every rational Hodge class. Until such a construction is supplied, the proved
theorem is the exact algebraization of all classes reached by the stated finite cycle-valued operations, together with
the reduction of the universal problem to one explicit support-lowering theorem.
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18. Intersection-theoretic verification and relative descent

18.1. Hodge pairings, adjoints and exact integral formulas

For a smooth projective variety X of dimension n and an ample rational divisor class h, the polarization pairing on
H*(X,Q) may be written

(u, v)p, :/ u—v— h"F
bl

up to the standard sign on primitive summands. In even degree k = 2p, rational Hodge classes are tested against
rational Hodge classes by these integrals. If Z, W are algebraic cycles, the same number is an intersection number:

/ (Z) — (W) — h" 2P = deg(Z - W - H"™?P),
X

whenever the codimensions add to n. This supplies exact rational data attached to a proposed representative.
Let T' € CH"""(X x X)g act from degree k to degree k + 2r. The transpose correspondence ‘T acts in the
opposite direction. Projection formulas yield

/ F*u ~ UV~ hn_k_QT = / U~ tl—‘* (’U — h’ﬂ—k—?’r)7
X X

with the usual adjustment when an ample class is moved across degrees. Therefore every algebraic edge possesses
an algebraic adjoint for the Poincaré pairing; the only issue is whether the desired cohomological inverse operator
is among those algebraic edges.

Proposition 18.1 (Integral verification of a correspondence identity). Let V C HdgP?(X) be a finite-dimensional
rational subspace with a rational basis ey, ..., es, and let T, U be algebraic correspondences preserving V. If

/ (Theq — Usey) — ep — KT =) (1<a,b<s)
X

and the pairing is non-degenerate on V, then Ty, = U, on V.

Proof. For fixed a, the class (T, — U, )e, pairs trivially with every vector in V. Non-degeneracy gives its vanishing.
Repeat for all a. O

Thus a finite support-lowering identity can be certified by exact intersection numbers after bases and correspon-
dences have been constructed. This is stronger than checking dimensions of Hodge spaces: it verifies the actual
cycle-valued maps used in the reconstruction.

18.2. Ambient classes on hyperplane sections

Let X C M be a smooth hyperplane section of a smooth projective variety, with inclusion ¢ : X — M. Weak
Lefschetz identifies large ranges of cohomology of X with restrictions of cohomology of M, leaving the primitive
middle part as the possible new contribution. This separation is central for a support descent because ambient
Hodge classes are transported by algebraic pull-back.

Proposition 18.2 (Ambient realization). Suppose o € HdgP(X) lies in the image of i* : H**(M,Q) — H??(X,Q)
and there is & € Hdg? (M) with i*a = «. If @ is algebraic on M, then « is algebraic on X.

Proof. Choose Z € CH?(M)q with cl(Z) = &. The refined pull-back i*Z is a rational cycle on X and has class
i*a=a. O

For complete intersections in projective space the ambient even cohomology is generated by the hyperplane
class. All non-middle even Hodge classes transported from the ambient projective space are consequently algebraic.
Any remaining difficulty lies in a primitive middle Hodge class; an honest universal theorem must construct cycles
for precisely those primitive residual classes rather than re-prove the ambient part.

Lemma 18.3 (Ambient defect vanishing). Let X be a smooth complete intersection in projective space and let «
be an ambient rational Hodge class. Then [a]g = 0.

Proof. The ambient even cohomology is generated by powers of the hyperplane class, which is algebraic. Pull-back
preserves algebraicity. O

The lemma supplies a verified terminal branch for a support tree. It also shows why a primitive-support theorem
is the appropriate residual statement: it eliminates parts already generated by algebraic polarizations before any
new construction is requested.
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18.3. The Poincaré bundle calculation on abelian supports

Let A be an abelian variety and A its dual. The Poincaré line bundle P on A x A is algebraic, and its first Chern
class
{=c1(P) e CHYA x A)g

defines Fourier-type transforms on Chow groups and on cohomology. For z € CH*(A)q set formally

Vi
* 0 ¢
}—A(Z):(Pg)*(pAZ'e)» € :Zﬁ;
Jj=0
only finitely many terms contribute by dimension. The same formula on cohomology commutes with cl because
every operation is algebraic.

Proposition 18.4 (Algebraicity of Fourier transport). If 8 = cl(B) is an algebraic class on A, then the cohomological
Fourier transform Fa(B) is represented by the Chow cycle F(B) on A.

Proof. Expand e’ into its finite intersection polynomial. Pull-back, intersection with # and push-forward all
commute with the cycle map. O

A polarization 6 identifies A with an isogenous copy of its dual and supplies an algebraic Lefschetz calculus on
the subalgebra generated by divisor classes. In particular, where the inverse Lefschetz action is expressed through
the Poincaré transform and intersections by powers of 8, the operator is implemented by algebraic correspondences.

Corollary 18.5 (Divisor-generated terminal sector). Let § € Hdg?(A) be a rational linear combination of
intersections of divisor classes and their Poincaré transforms. Then B is algebraic. If an algebraic correspondence
sends B to a class on X, that image is algebraic on X.

This calculation identifies the strength and the limit of abelian terminal supports. It gives exact cycles for the
divisor-generated and explicitly transported sectors. A general terminal Hodge leaf must still be represented by a
cycle or reduced further; the word “abelian” alone does not perform that last operation.

18.4. A block decomposition of operator and leaf defects

Let G be a finite presentation. Write its unresolved data as a direct sum of an operator block and a leaf block:
(@) = dop(G) + d1eat (G),

where 6o, counts non-Chow correspondences needed to move between supplied classes and djeaf counts terminal
rational Hodge classes with no supplied Chow representative. A replacement may lower one block while raising the
other; a true descent must lower the ordered pair in a well-founded order.

Definition 18.6 (Admissible lowering move). An admissible lowering move replaces an unresolved item by a finite
presentation G' for the same intermediate Hodge class such that either

Jop(G') < dop (@),

or operator defect is unchanged and the multiset of unresolved leaf complexities strictly decreases. Fvery new edge
whose output is used in Chow evaluation must be an algebraic correspondence.

Theorem 18.7 (Termination of admissible lowering). A finite sequence of admissible lowering moves terminates
whenever a move exists at every unresolved item. At termination the root class is algebraic.

Proof. Order presentations by the lexicographic pair consisting of the nonnegative integer dop and the multiset
of leaf complexities under the well-founded multiset order. Every move decreases this pair. Hence a sequence
terminates. Terminal defect zero means every leaf has a cycle and every edge is a Chow operation; apply exact
evaluation. O

The theorem replaces the informal phrase “finite lowering reduces defect” by a correct two-component measure.
It disallows a move that removes an inverse Lefschetz symbol only by depositing an arbitrary unresolved Hodge
class on an abelian variety.
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18.5. Compatibility with rational equivalence and numerical checks

An algebraization proof takes place in rational Chow groups, not merely in cohomology. Nevertheless, cohomological
identities provide necessary checks on a proposed Chow construction. Suppose a candidate cycle is

N
Z = Z(FZ)*B‘ S CHP(X)Q.

i=1

Its proposed equality cl(Z) = « can be tested against a basis of the dual Hodge space by intersection integrals. If
the pairing is non-degenerate on the span of a and the candidate image, these tests certify cohomological equality.
They do not distinguish rationally equivalent cycle representatives, nor do they need to: the Hodge conjecture
requires existence of a cycle class, not uniqueness in CH”.

Proposition 18.8 (Intersection-matrix certificate). Let V C Hdg?(X) be a rational subspace containing o and
cl(Z), and let vy, ... ,vs be a basis of a dual subspace for which the matriz

Mab:/ Ug ~— Vp
X

is mon-singular for some basis ug of V. If
/ (@—d(Z) — v, =0 (1<b<s),
X

then cl(Z) = .

Proof. Expand o — cl(Z) = 3, cqtq. The displayed vanishing gives ¢M = 0. Non-singularity gives ¢ = 0. O

For a support tree this test may be applied locally at each edge or once at the root. A future completed
construction would therefore carry both geometric data, producing cycles and correspondences, and a finite rational
intersection-matrix verification of the resulting root identity.

18.6. Rational projectors from finite algebraic decompositions

Suppose a rational Hodge subspace V C H?* (X, Q) is spanned by algebraic cycle classes z1,. .., 25, and suppose
there exist algebraic dual cycles wyq, ..., ws such that the intersection matrix

AijZ/ ziij
X

is invertible over Q. Then one can construct a projector onto V' as an algebraic correspondence:
HV = Z(A_l)ji Zi X Wj.
,J
Here the external product is interpreted in the codimension yielding an endomorphism of H?P(X).

Theorem 18.9 (Cycle-dual projector). With the preceding hypotheses, Iy is algebraic and acts as the identity on
V. If the complementary Hodge subspace is likewise supplied by algebraic cycle-dual data, then the diagonal action
on their direct sum has an algebraic block decomposition.

Proof. For a basis vector z,,
(Hv)*za = E (Ail)ji (/ Za ~— ’U)j) Zy = E 51',12’1' = Zq-
— X -
7,9 7

Algebraicity follows because the cycles z; X w; and rational linear combinations are Chow classes. O

This provides an explicit algebraic projector wherever a cycle basis and its dual have already been constructed.
It is an important local tool for a support descent, but it does not construct cycles spanning an arbitrary primitive
Hodge space. In the universal problem, producing those spanning cycles is exactly the sought conclusion.
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18.7. Support lowering by a finite correspondence resolution

Let V C HdgP(X) be a rational subspace. A correspondence resolution of V' is a finite sequence
dm do d1
00—V, = =2V —=VW=V—70

where every V; is a rational Hodge subspace of the cohomology of a smooth projective support Y;, every d; is
induced by an algebraic correspondence, and the terminal subspaces V,,, are spanned by known algebraic cycle
classes. Exactness is understood as an equality of rational vector spaces with the supplied maps.

Theorem 18.10 (Resolution evaluation). If V C HdgP(X) admits a split correspondence resolution in which the
splittings are also algebraic correspondences, then every element of V is algebraic.

Proof. The algebraic splittings express each v € V as a finite rational sum of images of terminal vectors in V,,.
Terminal vectors are cycle classes, and every image is carried by an algebraic correspondence. Their sum is a cycle
class on X. 0

Corollary 18.11 (Finite complex formulation of primitive lowering). A wuniversal construction of split corre-
spondence resolutions for primitive Hodge subspaces, terminating in lower-dimensional or divisor-generated leaves,
implies the Hodge conjecture.

The resolution language is sometimes preferable to a tree because it records relations among support branches
and prevents overcounting. The requirement of algebraic splittings remains essential: exactness in Hodge structures
without Chow-level splitting does not construct the required cycles.

18.8. Logical form of a successful universal construction

A complete construction must not take as input the desired algebraic cycle. It may take as input (X, h, p, ), where
h is an ample polarization and « is a rational Hodge class. It must terminate after finitely many operations and
return the data

{(Yi,Bi,T)} |, Bi€CH%(Y)q, [I;e CHIMYHP=a(y, s x)q,
satisfying the exact rational cohomology identity
N
a=>Y (I:).cl(B).

i=1

The output cycle is then
N
Zo = Z(Fi)*Bi.
i=1
This equality is the final line of a proof, not a definition of a hoped-for object.

Theorem 18.12 (Universal-output theorem). Any construction satisfying the preceding output specification for
every input (X, h,p, ) proves the Hodge conjecture.

Proof. For each input, Z, is a rational algebraic cycle and

A(Za) =D (). cl(B;) = a.

B

Thus the cycle class map is surjective onto rational Hodge classes in every codimension. O

The full burden of proof is now concentrated in the construction of the finite output. Any proposed machinery
can be measured against this statement: it must return algebraic supports, algebraic correspondences, terminal
cycles, and the exact equality. This is the route by which a new theory could settle the conjecture without any
hidden final assumption.
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18.9. Final synthesis of the algebraic support method

The support method has three rigorously completed layers. First, every expression made solely from rational
cycles and algebraic correspondences evaluates to a rational cycle; this is the exact Chow-evaluation layer. Second,
projective bundles, blow-ups, trace descent, finite covers, divisor intersections, ambient classes and supported
coniveau reductions provide large families of algebraic moves which lower a supplied class without loss. Third,
inverse Lefschetz and primitive projector operations can be admitted only when they are represented by algebraic
correspondences or bypassed by direct cycle formulas.

The fourth layer is the universal one: produce an algebraic primitive lowering for every rational primitive Hodge
class. The preceding theorems show that this one construction, if achieved, is sufficient. They also prevent weaker
substitutes from being mistaken for it. A cohomological decomposition lacking Chow correspondences, a motivated
expression lacking operator discharge, an abelian support carrying an unrepresented terminal leaf, or a limiting
Hodge-locus argument without a relative algebraic cycle does not yet return the cycle Z,.

Accordingly the mathematical advance of the exact framework is not a rhetorical endpoint but a verified
conversion principle. Every successful local construction becomes a proved algebraic case immediately through the
normal form. Every proposed universal construction is required to meet one finite output standard. The desired
general equality

cl(CHp(X)Q) = Hdg?(X)

will follow once the primitive lowering output has been constructed for arbitrary X, p and « with the algebraic
data demanded above.

18.10. Leray components and an algebraic relative correspondence criterion

Let f: X — S be a smooth projective morphism between smooth projective varieties. The Leray filtration on
H?P(X,Q) is functorial for algebraic correspondences over S. A class on the total space may acquire horizontal
and vertical components, and an assertion that a fibrewise class is algebraic must be promoted through a relative
cycle before it can be used on X.

Let Z € CHP(X)qg be a cycle. Its restriction to each smooth fibre X gives a class cl(Z). Conversely, suppose
one is given a flat rational Hodge section ¢ of R?”f.Q on a Zariski open subset. A relative algebraic realization of
o means a cycle Z on the relative total space whose class restricts to o5 for every s in that subset.

Theorem 18.13 (Relative-cycle transfer). Assume that a rational Hodge class o € HdgP (X) has a decomposition

N
Q = Qpase T Z(Fa)* Cl(Za)a
a=1

where anase 1S algebraic, the Z, are relative cycles on smooth projective families Y, — S,, and the T'y are algebraic
correspondences from Y, to X. Then « is algebraic.

Proof. Each Z, is itself an algebraic cycle on Y,; hence (I'y)«2, is an algebraic cycle on X. Add these to a
representative of apase. O

Corollary 18.14 (No-loss criterion for family propagation). A family-theoretic lowering step is Chow-evaluable
whenever it supplies a relative cycle and an algebraic correspondence to the target. Constancy of a local system,
algebraicity of a Hodge locus, or persistence of Hodge type without such a relative cycle does not, by itself, provide a
Chow-evaluable step.

This formulation separates the geometric content of propagation from its period-theoretic shadow. It is the
relative cycle, not merely the local system section, that can be evaluated in the final Chow expression.

18.11. Absolute Hodge data and the algebraic output requirement

Let o € Hdg?(X). A property of « stable under field automorphisms or compatible with Hodge realization may be
indispensable in finding a cycle, but the required output remains an element of CH?(X)g. The exact interface is
expressed by a realization map. Given a category .# of cohomological objects and a functor

RZCI{NIQ—)‘%7

a class in . yields a Hodge class only after realization; lifting it back to Chow motives is a separate problem
unless the morphism is already represented by a cycle.
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Lemma 18.15 (Realization is not inverse construction). Let a be a cohomological correspondence acting on
H*(X,Q) and assume it is a morphism in a realization category. The expression a.(c) is Chow-evaluable only if a
is represented, on the subspace used, by an algebraic correspondence or if its output is supplied independently as a
cycle class.

Proof. A cycle-valued expression on X can be formed only from rational cycles and operations defined on Chow
groups. A morphism in the target realization category is not an operation on CH™ until a preimage correspondence
is supplied. O

Proposition 18.16 (Correct use of a motivated support). Suppose a Hodge class o is obtained from algebraic
leaves by algebraic correspondences and by finitely many motivated operators ai,...,an. If for each operator there
is a Chow correspondence A; agreeing with a; on every intermediate subspace occurring in the expression, then « is
algebraic. The representing cycle is obtained by replacing a; by A; and evaluating in Chow groups.

Proof. After the replacements, every operation is Chow-evaluable and exact evaluation applies. O

This is the point at which an ambitious support calculus either becomes a proof or remains a Hodge-theoretic
blueprint. The replacement correspondences must be constructed; their existence cannot be inferred solely from
the occurrence of a motivated presentation.

18.12. A worked coniveau descent calculation

To make the support mechanism explicit, consider a smooth projective n-fold X, a smooth closed subvariety
i:Y — X of codimension ¢, and a rational Hodge class § € Hdg’™“(Y). Let B € CHP”“(Y)q represent 3. The
Gysin image is the cycle i, B and its class is

cl(i,B) = i, cl(B) = i,f.

For two supports i, : Y. — X and coefficients a, € Q, a class

N
@ = Z ar(ir)*ﬁr
r=1
is represented by
N
Z =" a,(iy)« B
r=1

This is the entire coniveau descent at the level of cycles. What must be discovered in a universal construction is
the displayed representation of an arbitrary primitive o by lower-dimensional (3,..
The interaction with polarizations is also exact. If A is ample on X, then

Jip—nwre = [ o)
X Y

for every complementary cohomology class . Thus the claimed support identity can be tested by integration
against a basis of complementary classes. When B is known, these are intersection numbers of algebraic cycles.

Theorem 18.17 (Coniveau branch with verification). Let V' C Hdg?(X) have a rational basis as, ..., as. Suppose
for each o, a coniveau expression
Qq = Z(iaw)*ﬂaﬁ
”

is supplied with all B, algebraic. Then V is algebraic. Moreover, equality of each proposed expression may be
verified by finitely many rational intersection integrals against any dual basis of V.

Proof. Cycle representatives are obtained by the preceding formula. The finite integral verification is the intersection-
matrix certificate. 0
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18.13. A worked trace and blow-up chain

Let f : Y — X be generically finite of degree d, and let j : W — Y be a smooth support. Suppose a rational
Hodge class a on X satisfies
ffa= 3.0, g =cl(B), BeCH(W)g.

Then one obtains a representative on X by the single formula
Z 1f «B cl(Za) 1f 3 1ff"‘
a — SJx)xD, a) = = x)«P = = Jx] = .
a’*! a7

If Y is then replaced by a blow-up p : Y Y along a smooth center, the pull-back p*j.B remains an algebraic
cycle and may be used on Y. Conversely, any exceptional component is a push-forward from a projective bundle
over the center; projective-bundle stability resolves it once the center leaf is resolved.

Proposition 18.18 (Composite geometric descent). Ewvery finite chain built from smooth pull-backs, proper
push-forwards, generically finite traces, projective-bundle components and blow-up exceptional components maps
a supplied terminal algebraic class to an algebraic class on the target. Its class is given by the same composite
operation in cohomology.

Proof. Each operation is defined on Chow groups and commutes with cl. Composition preserves this property. [

This proposition gives a large, concrete class of admissible support paths. It is suitable for birational, fibration
and degeneration constructions as soon as the primitive terminal leaf itself has been produced algebraically.

18.14. Primitive classes and the dimension drop requirement

The most difficult class is a primitive rational Hodge class not contained in an already known terminal sector. The
reason dimension drop is decisive is visible from the inductive structure. If a primitive class o on an n-fold is
written as a sum of images of classes on smooth supports of dimensions < n, the induction closes. If it is written
only through supports of the same dimension, one must supply a new decreasing invariant and prove its strict
decrease.

Definition 18.19 (Effective primitive descent). An effective primitive descent for (X, p,a) is an equality

N

a= Z(F’L)* Bi
i=1
with algebraic correspondences T';, where for every i either dimY; < dim X, or (3; belongs to a terminal sector
already proved algebraic, or B; carries an effective primitive descent of strictly smaller complexity.

Theorem 18.20 (Equivalence with a terminating constructive proof). The Hodge conjecture follows from effective
primitive descent for every primitive rational Hodge class. Conversely, a proof which constructs each required
algebraic cycle through finite support lowering determines an effective primitive descent after its intermediate cycle
operations are grouped into terminal branches.

Proof. The forward implication is the primitive-lowering implication. For the converse, read the finite cycle
construction backwards from its root: each composite correspondence and terminal cycle gives a branch, and the
finite construction imposes a termination order. O

The theorem makes precise what an unconditional construction must do. It must give a descent with algebraic
edges and algebraic terminal outputs, not merely a map between Hodge vector spaces.

18.15. A finite-dimensional search space for a proposed edge replacement

A concrete edge replacement may be sought within a finite-dimensional subspace of algebraic correspondences.
Choose algebraic cycles C1,...,Cy on'Y X Y of the required codimension and set

M
E(t) = taCa,  t=(t1,...,ta) € QM.
a=1

Let V. C H*(Y,Q) be the finite Hodge subspace on which an inverse Lefschetz action is required, with rational
basis v1,...,vs. The condition

E(t)sv; = Ayv; (1<i<ys)
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is a finite linear system over QQ after testing against a rational dual basis by intersection pairings. If that system
has a rational solution, the edge has an explicit algebraic replacement on V.

Proposition 18.21 (Finite edge-solving criterion). Let wy,...,ws be a dual basis for V under a non-degenerate
polarization pairing. Define

A(i,j),a = /Y(Ca)*’ui ~ Wy, b(i,j) = /YAin ~ Wy.

If the rational linear system At = b has a solution, then Z(t) agrees with Ay on V and is an algebraic edge
replacement there.

Proof. The solution makes all pairings of (2(¢). — Ay )v; with the dual basis vanish. Non-degeneracy yields equality
on V. O

The criterion is a rigorous finite route wherever a sufficiently rich set of candidate algebraic cycles has been
constructed. It does not guarantee that such cycles span the desired inverse operator for arbitrary Y'; that spanning
construction is a genuine geometric problem.

18.16. Terminal leaf construction by explicit intersections

For a support Y equipped with divisor cycles D1,..., D,,, every cycle

B = Z C(,]l)i1 "'Diq S CHq(Y)Q
ITl=q

has Hodge class in Hdg?(Y"). If a proposed terminal leaf 8 is shown by intersection pairing to equal cl(B), the
leaf is discharged. In divisor-generated sectors this provides a constructive endpoint requiring no general Hodge
statement.

Proposition 18.22 (Terminal intersection solver). Let V' C Hdg?(Y) be a rational subspace, and let By, ..., By
be explicit intersection cycles on'Y . If the classes cl(B,) span V, then every leaf in V is algebraic; coefficients of
its representative are obtained by solving a rational linear system of pairings.

Proof. Choose a basis of the span from the cl(B,). Express the given rational leaf in that basis. The same rational
combination of the B, is its cycle representative. O

Together with finite edge solving, this yields a completely checkable finite procedure on any support where
enough algebraic cycles have been exhibited: solve for edge operators, solve for terminal leaves, and evaluate the
tree. A universal proof must supply such finite spanning systems for every residual primitive input or produce a
different dimension-lowering cycle construction.

18.17. The completed implication and the remaining construction

Combining the exact results yields the following theorem.

Theorem 18.23 (Complete support-descent implication). Let X be smooth and projective over C. Assume that
every primitive rational Hodge class on X admits a finite effective primitive descent whose edges are certified by
algebraic correspondences, whose same-dimensional branches strictly lower complezity, and whose terminal leaves
lie in divisor-generated, lower-dimensional, or otherwise proved algebraic sectors. Then every rational Hodge class
on X is algebraic. If the assumption holds for every smooth projective X, the Hodge conjecture holds universally.

Proof. For any class, separate its primitive Lefschetz pieces. Apply the given effective descent to each primitive
residual. Termination produces a finite support tree with algebraic edges and algebraic leaves. Evaluate the tree in
Chow groups, multiply by the required powers of the ample divisor, and sum. The resulting cycle has the original
Hodge class. O

The theorem is the exact endpoint of the calculus developed here. The construction still to be supplied universally
is the effective primitive descent itself: for an arbitrary primitive rational Hodge class, one must build the supports,
correspondences and terminal cycles satisfying its finite identity. The entire preceding main body is arranged so
that any successful construction can be inserted without any further conceptual bridge.

INTERNATIONAL JOURNAL OF INVENTIONS IN ENGINEERING AND SCIENCE TECHNOLOGY 105


http://www.ijiest.in

International Journal of Inventions in Engineering & Science Technology http://www.ijiest.in

18.18. Insertion of established terminal theorems into the support chain

The support method does not require that every terminal theorem be reproved from first principles inside one
article. It requires that an external theorem enter at a precise point and only within its proved range. For example,
suppose a cited theorem gives algebraicity of every rational Hodge class in codimension g on a specified family 7 of
smooth projective supports. If an unresolved class on X is expressed by algebraic correspondences from leaves on
members of T, then those leaves may be evaluated by the theorem and carried to X by Chow operations.

Proposition 18.24 (Terminal-theorem insertion). Let T be a family for which the cycle class map is surjective in
the degrees used. Suppose

N
a=>Y ()., Y; €T, T;eCHImYTP4i(y, x X)g, B € Hdg%(Y;).

i=1
Then « is algebraic.

Proof. For each i choose B; € CH? (Y;)q with cl(B;) = ;. The cycle Z = ",(T';). B; represents c. O

Thus any cited result on cubic fourfolds, generalized Kummer varieties, particular abelian varieties or other
proved families can be used only after an algebraic correspondence places the leaf on precisely that family and in
the degree covered by the cited result. This prevents a theorem valid for one deformation type from being extended
silently to all smooth projective varieties.

18.19. Rational coefficient descent in correspondence expressions

Let a terminal construction first be obtained over a finite extension K/Q. Since the conjecture concerns rational
classes, the coefficients must be descended. Let L/Q be a finite Galois extension containing all fields of definition
of the cycles and correspondences in a finite support tree. For a cycle B define

1
TrioB)= >, 0B,  Avpg(B)= 7.0 Trr, o(B).
o€Gal(L/Q) ’

The same averaging operation applies to correspondences. It commutes with proper push-forward, flat pull-back,
exterior products, intersection products and composition because all operations are algebraic and defined over the
base field after averaging.

Theorem 18.25 (Rational averaged support tree). Let a € HdgP(X) be rational. Suppose that over a finite Galois
extension L there is a finite support expression

agp =Y (). cl(B)

whose Galois conjugates represent the same rational root class. Then averaging the entire expression gives a rational
Chow cycle on X with class «.

Proof. Applying o to the displayed expression gives a cycle expression for «y,, since the root is rational. Average
the equalities. The left-hand side remains «; the right-hand side is the cycle class of the rational averaged sum of
correspondence images. O

This theorem is needed whenever a proposed lowering construction chooses auxiliary varieties, sections or
correspondences after a finite extension. It is a complete descent statement once the algebraic objects are supplied.

18.20. A candidate abelian edge and the equations it must satisfy

To replace an inverse Lefschetz edge on a support Y, one may attempt to construct an auxiliary abelian variety A
and correspondences
Qe CH*(Y X A)Qa Pe CH*(A X Y)Q

Fix a rational subspace V' C H*(Y,Q) on which the edge is used and let A4 be an algebraic lowering operator in
the required abelian sector. The desired replacement is

Z2E=PoAjoQ.
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It succeeds exactly when
Ev=Ayv (wevV).

Choosing a rational basis vy, ...,vs for V and a dual basis wy, ..., ws converts the required equality to the finite
system

/(E*W—AY%‘) — wj =0 (1<i,j5<5s).
Y

If the correspondences P, (Q depend linearly on algebraic cycle parameters, these are explicit polynomial or linear
equations over QQ in those parameters.

Proposition 18.26 (Verified abelian-edge replacement). If algebraic P,Q and an algebraic A4 satisfy the displayed
integral identities on a non-degenerate dual pairing for V, then Z is an algebraic replacement of Ay on every

intermediate class lying in V.

Proof. The identities imply equality of the two operator actions on a basis of V. Since = is a composition of Chow
correspondences, it is algebraic. O

A construction of this type is genuinely useful: it turns a proposed lowering square into finitely checkable
intersection identities. To finish the universal conjecture, however, it must be produced for every residual primitive
subspace and followed by an algebraic construction for every terminal leaf.

18.21. The main implication written as a cycle formula

The formalism becomes transparent when the final cycle is written without graph terminology. Suppose the lowering
process produces terminal data (Y;, B;,T';) for a rational Hodge class a € Hdg?(X), where

B; € CH%(Y;)g, Iy € CHM™Yitr=ai(y, x X)q,

and proves the equality

Then define

Z(o) =Y _(I';).B; € CH(X)g.
Compatibility of the cycle class map immediately yields

A(Z(e) = (). cl(B;) = a.

No separate realization step remains after this equality is established. In particular, every theorem preceding it has
one of two purposes: either it constructs the terminal data, or it proves the equality of their images with «.

Theorem 18.27 (Final cycle formula). For a class «, a finite algebraic support-lowering construction is complete
if and only if it supplies terminal cycles and algebraic transport correspondences for which the preceding equality
holds. Such a completed construction yields Z(«) by the displayed formula.

Proof. The forward direction is the formula. In the reverse direction, any completed Chow-evaluable support tree
can be collapsed by composition into a finite list of terminal-to-root correspondences, giving precisely the displayed
expression. 0

This theorem is the correct final shape for a proof of the Hodge conjecture in the zero-defect framework. It
is both constructive and checkable: the output is a cycle, and the verification is an exact equality of rational
cohomology classes induced by algebraic correspondences.

19. Terminal construction and final cycle formula

19.1. Primitive codimension-two reduction and support output

The first nontrivial primitive regime may be written explicitly. Let oo € Hdg? (X) be a rational codimension-two
class and choose an ample divisor h. Write

a:aprim+hv57 5€Hdg1(X)
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The class ¢ is algebraic by the Lefschetz (1,1) theorem, so the only residual is aprim. A support-lowering construction
in codimension two needs to produce smooth supports Y;, cycles or lower classes [3; and algebraic correspondences
with
Qprim = Z(Fz)*@
1
If dimY; < dim X and the leaf codimensions are reduced to divisors or to dimension at most three, the descent
terminates by the preceding terminal theorems.

Proposition 19.1 (Codimension-two terminal criterion). Let « € Hdgz(X ). Suppose its primitive component has
a finite expression through algebraic correspondences from rational Hodge leaves on smooth supports for which each
leaf is either a divisor class, a class on a variety of dimension at most three, or an explicit intersection cycle. Then
« s algebraic.

Proof. The nonprimitive component is the intersection of the algebraic divisor representing § with the ample divisor.
Each primitive terminal leaf is algebraic by the stated terminal regimes. Push these cycles forward through the
supplied correspondences and add the nonprimitive component. O

This criterion is useful because the first genuinely difficult Hodge classes appear in codimension two on varieties
of dimension at least four. It identifies exactly what a geometric construction must return in that initial hard range.

19.2. Construction ledger without visual or logical shortcuts

For an arbitrary rational Hodge class «, a proposed construction can be recorded as a finite ordered sequence of
algebraic equalities rather than a diagram. Begin with its primitive pieces. For each unresolved piece, list either a
terminal cycle or an equality through algebraic correspondences to leaves of lower complexity. Continue until every
leaf is terminal. The resulting sequence has the form

a=y CM.e0, Y =38,

i J
ending with Bt(r) = cl(B;). Composition collapses the sequence to

a=> (T).cl(By),

t

where every I'; is the composition of algebraic correspondences along a terminal branch. The final cycle is

>-+(Tt)s B

Theorem 19.2 (Textual terminal-branch evaluation). A finite ordered construction ledger whose equalities are
implemented by Chow correspondences and whose last line consists of cycle classes is a complete algebraic realization
of its initial Hodge class.

Proof. Repeated substitution expresses the initial class in terminal normal form. Composition of algebraic
correspondences is algebraic, and terminal cycles evaluate to a cycle on the initial variety. O

This ledger is the appropriate replacement for diagrams: it is compact, exact, and exposes every point at which
a cycle or correspondence must actually be constructed. A future universal lowering theorem would supply such a
ledger for every primitive rational Hodge class; the theorems of the present article then convert it immediately into
a rational Chow representative.

20. Mathematical scope of the support theorem

The theorem chain proves a precise zero-defect algebraization theorem: every rational Hodge class admitting a
finite Chow-evaluable support expression is algebraic, and a strict algebraic primitive-lowering rule would imply the
Hodge conjecture for all smooth complex projective varieties. It also proves the corrected two-component defect
law: both inverse-Lefschetz operator edges and terminal Hodge leaves must be discharged.

The universal lowering rule has not been obtained merely by routing formal inverse Lefschetz symbols through
auxiliary abelian varieties. Such a route becomes a proof only when its correspondences are algebraic, its action is
verified on the relevant Hodge structures, and each terminal abelian Hodge class is represented by a rational cycle
or reduced to a proved terminal family. These requirements are exact and constructive; proving them universally
would yield the claimed final equality by the preceding theorems.
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In its proved range, the present article supplies actual cycles by formulas: trace descent from finite covers,
product cycles for algebraic Kiinneth tensors, correspondence push-forwards from terminal supports, and Lefschetz
products in low dimension. For the remaining arbitrary primitive classes it identifies the new theorem that must
be constructed. This is the strongest conclusion that follows from the stated correspondence calculus without
importing an unproved universal algebraization step.

21. Conclusion

The support-descent idea has an exact mathematical core. A rational Hodge class is algebraic whenever it is
evaluated by a finite graph whose leaves are rational cycles and whose edges are Chow operations; inverse Lefschetz
operations may occur only after algebraic correspondences representing them have been produced. Abelian supports
are useful because their Lefschetz inverse edges are algebraic, but they do not automatically resolve arbitrary
terminal Hodge leaves. A correct universal descent must therefore lower both operator defect and leaf defect.

The mathematical content establishes the zero-defect support theorem, the generically finite descent theorem,
the product-after-cover criterion, the coniveau realization theorem, the finite defect-flow theorem and the primitive-
lowering completion interface. These provide a complete proof in each class for which the terminal algebraicity and
algebraic-edge hypotheses are verified. For arbitrary smooth projective varieties the universal primitive-lowering
property remains the indispensable construction: its proof would complete the general Hodge conjecture by the
theorem proved here, while its absence cannot be replaced by motivatedness alone.

22. Detailed calculations used in the proof

22.1. Primitive Lefschetz calculations

Let X have complex dimension n and let h be ample. Put L(y) = h — 7. For v € H*(X) primitive, L" %1y = 0.
The Lefschetz decomposition is orthogonal for the Hodge metric and gives, for a € H*(X),

P
a:ZLjaj, a; € PP (X).
=0

The projector to a primitive summand is a rational polynomial in L and the cohomological adjoint A. Consequently
it is an algebraic correspondence only in ranges where the required A is algebraic. This is why a primitive
decomposition is harmless cohomologically yet cannot be passed silently to Chow groups.

Suppose that algebraic correspondences represent every required primitive projector on X. If « is Hodge, each
o is then the image of o under an algebraic correspondence. The quotient class satisfies

[a]y = ZU[%’]@.

If all primitive components vanish in their defect spaces, so does a. Conversely, a nonzero primitive defect is a
genuine residual target for any algebraic support flow.

Lemma 22.1. Let II; € CH"(X x X)q be algebraic correspondences acting as the primitive projections on H?P(X).
If for each j the class (IL;).a admits a Chow representative, then so does c.

Proof. The equality @ = > j LI(II;).c holds in cohomology; L7 is intersection by h/. Replace every primitive
component by its Chow representative and sum the intersections. O

22.2. Correspondence calculations on products

Let X,Y, Z be smooth projective. For cycles U € CH*(X) and V € CHb(Y),
(U x V) =cl(U)Rcl(V) € H*(X x Y, Q).
If T e CH'™XT(X x Y) and © € CHY™Y (Y x Z), then the codimension of © o T is dim X + 4 s, and
cl(@oT) =cl(©)ocl(I).

These identities provide exact, not approximate, transport of algebraicity.
Let a € Hdg?(X x Y) and suppose its Kiinneth components are

Nab
o= E § Uap,i Mg

a+b=p i=1
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where each uqp,; = cl(Usp,i) and vgp,; = cl(Vap,s). Then the explicit Chow realization is

Na,b
Za = § § Ua,b,i X Va,b,i~

a+b=p i=1
No standard conjecture is used in this calculation once the Kiinneth factors are supplied as cycle classes.

22.3. Defect calculus for finite graphs

Let G = (V, E) be a finite directed acyclic graph with a unique root. Assign to each vertex v a smooth projective
support X,, a codimension p,, and a Hodge class «,. For each edge e : u — v supply an operation T, with
o, = Teay, or a finite sum thereof. A vertex is resolved when a cycle Z, with cl(Z,) = «, is supplied. An edge is
resolved when T, is induced by a Chow operation.

Define

5(G) = Z 1{e unresolved } + Z 1{v unresolved}

ecE VEVieat
If 6(G) = 0, resolution propagates upward. More generally, if a replacement R replaces one unresolved edge or leaf
with a finite resolved graph and introduces no unresolved terms, then

5(RG) < §(G).

Finite repetition yields a resolved root. This is the exact finite termination argument. To prove a universal theorem
one must prove the existence of the replacement R at every unresolved object arising from every Hodge class;
finiteness of the descent does not establish existence.

22.4. Rationality and Galois averaging

The conjecture concerns rational classes, and a support construction over an auxiliary field must return to Q. Let
K/Q be finite and let Zx € CHP(X) g represent o ® 1 after scalar extension. If the construction is defined over a
finite Galois extension L/Q containing K, the averaged cycle

1
2o = 7 o(Zr)
[L:Q] UEGazl(:L/@

has rational coefficients. Since « is rational and fixed under Galois action,
1

l(Zg) = 2] > o(d(ZL) = o

This calculation supplies the rationality descent whenever the terminal cycles and correspondences are constructed

o

over a controlled finite extension. It also identifies what cannot be inferred: a complex analytic family of classes
without an algebraic cycle over a finite-type field gives no object to average.

Proposition 22.2 (Field-of-definition descent). Suppose a Chow-evaluable support expression for a rational Hodge
class « is defined after a finite field extension and is stable under Galois conjugation at the cohomological root.
Then the Galois-averaged expression is a rational Chow representative of a.

Proof. Average every terminal cycle and correspondence simultaneously. Push-forward, pull-back, composition and
intersection commute with the Galois action. Evaluation therefore commutes with averaging, and the root class is
the average of the fixed class «. O

The proposition is relevant whenever a proposed support lowering is first constructed after adjoining parameters.
It demands exact algebraic cycles and finite descent, not merely analytic continuation or numerical identification of
periods.

22.5. Kiinneth components and projector safety
Let X and Y be smooth projective. The Kiinneth decomposition in cohomology is canonical,
H™(X xY,Q = @ H"X,Q e H(Y,Q),
a+b=m

but a use of individual Kiinneth projectors in a Chow expression requires those projectors to be algebraic in the
range concerned. If one only needs an already supplied product decomposition of a specific class, no global algebraic
Kiinneth projector is required: the exterior-product cycle formula suffices.
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Lemma 22.3 (Specific-product realization without projectors). Suppose a Hodge class o € H*P(X x Y, Q) is given

by an exact equality
N

a=> c(U;)Rcl(V;)
i=1
with U; and V; rational algebraic cycles. Then « is algebraic regardless of whether all Kinneth projectors on X XY
are known to be algebraic.

Proof. The cycle Y . U; x V; has the displayed cycle class by compatibility of exterior products with the cycle
map. O

Lemma 22.4 (Projector-dependent reduction). Suppose instead that a construction applies the cohomological
projection to an unspecified class o in order to isolate a component. Then the projected class is a valid Chow-level
input only if the relevant projector is represented by an algebraic correspondence, or if the projected class is
independently supplied as a cycle class.

Proof. A Chow expression may use only operations defined on Chow groups. A cohomological projector not
represented algebraically supplies no rational cycle operation. Independent supply of a representing cycle bypasses
the need for that projector. O

This distinction prevents a Kiinneth decomposition in Hodge theory from being mistaken for a cycle construction.
It is especially important in motivic presentations whose edges alternate between tensor factors and inverse Lefschetz
operations.

22.6. The primitive support-lowering theorem

All calculations in the revised body lead to a single universal statement. It may be written without terminology as
follows.

Problem 22.5 (Universal algebraic support lowering). For every smooth compler projective variety X, every
integer p, and every primitive rational Hodge class o € HdgP (X)), construct a finite family of smooth projective
supports Y;, rational algebraic correspondences

I, € CHY™YiTP=ai(y; x X)q,

and rational Hodge classes §; € Hdg® (Y;) such that

a=> (T).5

i

and such that repeated application of the same construction terminates at classes explicitly represented by rational
algebraic cycles.

Theorem 22.6 (Implication of the residual theorem). A solution of the universal algebraic support-lowering
problem proves

cl(CHp(X)Q) = Hdg?(X)
for every smooth complex projective X and every p.

Proof. The terminal cycles and algebraic correspondences form a finite Chow-evaluable support system for every
primitive class. The zero-defect support theorem realizes primitive classes. Multiplication by powers of an ample
divisor reconstructs every Lefschetz component. Summation gives a cycle for every rational Hodge class. O

The statement above is an exact mathematical target: it identifies the new machinery that an unconditional
closure must supply and gives a complete verification once such machinery is constructed. The preceding sections
prove every passage from this target to the cycle-class equality. They do not construct the required lowering family
for an arbitrary unresolved primitive class; that is the remaining universal content.
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22.7. Exact support realizations

Let o € Hdg?(X) be represented by a terminating support flow. Collapsing all terminal branches into the normal
form gives algebraic supports Y;, cycles W; and correspondences I'; satisfying

a=> (T).cd(Wi),  Za=) (L)W

i %

The identity cl(Z,) = « follows term by term from compatibility of the cycle map with correspondence action.
Hence every claimed closing construction in this framework is reduced to one exact task: supply the terminating
support flow for the residual primitive classes. This is a finite algebraic output for each input class and a universal
construction problem over all inputs.

22.8. Terminal output of the support calculus

The preceding argument has a single unambiguous terminal form. Given a rational Hodge class o € Hdg?(X), an
algebraic support construction is finished only when it has produced finitely many smooth projective supports Y;,
cycles B; € CH%(Y;)q and correspondences I'; € CcHdimYitr—a: (Y; x X)q for which

a=> (Ty).cl(B;).
i
At that point no analytic approximation, motivic terminology or additional realization principle is required: the
rational cycle
Zo =Y (T9).B; € CH(X)qg
i

has class a. All operations proved in the article are directed toward producing this expression: projective-bundle
and blow-up formulas transport known leaves; generically finite trace descent returns cycles from covers; coniveau
reduction lowers dimension; Poincaré-bundle operations discharge explicitly divisor-generated abelian leaves; and
the finite edge-solving criterion verifies a proposed inverse-Lefschetz replacement on a prescribed Hodge subspace.

Consequently, a general proof in this framework is equivalent to a universal construction of effective primitive
descents with algebraic edges and algebraic terminal leaves. For every geometric family in which those data are
supplied, the resulting algebraicity statement is unconditional and its representative is given by the displayed
formula. For an arbitrary smooth projective variety, the remaining task is not a change of notation but the
construction of those terminal data for every primitive rational Hodge class. This terminal formulation makes the
proof obligation exact and, once a construction is produced, makes the final verification finite and cycle-valued.
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